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Summary. The paper considers the linear model of three-dimensional isotropic body of theories of
thermoelasticity in the cylindrical coordinate system. We consider the case when the stationary temperature satisfies the
Laplace equation. After substituting thermoelastic stresses into the equilibrium equation, the system of Navier’s
differential equations were obtained. Its general solution is presented as the sum of homogeneous and partial solutions.
The partial solution of the system of Navier’s equations, which is clearly determined by the stationary temperature and
does not contain elastic displacements, is called the temperature solution. The physical and mathematical features of
the thermoelastic stress state were taken into account and it was proved that in the temperature solution the sum of
normal stresses is zero and the volume deformation is equal to € = 3T . The found dependencies were used and the
new temperature solution of the system of Navier’s equations were constructed in the cylindrical coordinate system,
when the temperature does not depend on the axial variable. Simple formulas for expressing temperature stresses are
given. The general solution of the equations of the theory of thermoelasticity by four harmonic functions is recorded.

Key words: Navier’s equations, thermoelastic body, cylindrical coordinate system, characteristics of
temperature state, stresses, displacements.

https://doi.org/10.33108/visnyk_tntu2023.04.058 Received 11.10.2023

Introduction. Thermoelastic materials, under the influence of various temperature
fields, are used in aerospace and other fields of engineering [1-3]. Elastic bodies subjected to
force and temperature loads are widely used in power engineering, technological and
engineering structures [4, 5].

Review of the available static solutions of elasticity and thermoelasticity equations.
Methods for solving static boundary-value problems in elastic three-dimensional body are based
mainly on the construction and application of various representations of the general solution of
elasticity equations [1, 2, 5, 6], where the temperature is predetermined. In the investigation of three-
dimensional static problems of thermoelasticity [1, 3, 4], known solutions of the equations of
elasticity where added specific temperature distribution of stresses, determined by thermoelastic
potential are used [2, 4]. The vast majority of solutions of the boundary value problems of the
thermoelasticity theory are constructed by means of thermoelastic potential [3-6]. Thus, in paper
[7], analytical solutions of the plane thermoelasticity problem by means of generalized functions
and Fourier transformation are proposed, and in paper [8], the thermoelastic potential is used and
three-dimensional thermoelastic state of the plate is reduced to the solution of two-dimensional
boundary value problem. In paper [9], method for analytical and numerical evaluation of
temperature stresses in the hollow cylinder of finite length was developed on the basis of direct
integration method. However, in paper [10], new physically substantiated partial solutions of the
thermoelasticity theory in Cartesian coordinate system without thermoelastic potential application
were found. These solutions take into account the effect of temperature field on the stress state of
thermoelastic bodies more accurately. Ibid, on the basis of paper [11], new presentation of the
general solution of thermoelasticity equations by four harmonic functions is proposed.
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The objective of the paper is to find physically substantiated partial temperature
solutions of Navier equations in the cylindrical coordinate system, when the temperature does
not depend on the axial variable.

1. Statement of the problem and presentation of the static thermoelasticity
equations. Let us consider the general formulation of three-dimensional static problem of the
thermoelasticity theory for three-dimensional isotropic body in the cylindrical coordinate
system. The initial temperature, when there are no stresses, is set as equal to zero. The
temperature in the body varies within such limits that the elastic and heat-conducting
coefficients of the material can be modeled as constant.

Let us use Duhamel-Neumann relation to represent thermoelastic stresses [3, 6] in
homogeneous solid body in the cylindrical coordinate system

o = 26| &y +—2—e—V 4T |, 6,226 e, +——e- 2"V qT |,
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where G=E/2(1+v), E areshear and Young's modules, ¢, = aaﬂ €
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are elongation deformations, uy, u,, U, are elastic displacements, y,,=r——
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Yrz = %ﬁr% v Yz =%aa”—(;+ij—z“’ are relative shear strains, e=g¢,+¢&,+g, Is volume
deformation, v is Poisson's ratio, o is coefficient of thermal expansion.

Let us substitute relation (1) into the equilibrium equations of thermoelastic body in the
cylindrical coordinate system and write the system of Navier's differential equations with partial

derivatives for elastic displacements [1, 2].
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where V° =[-=—r—+———=+——] is Laplace operator [12]. Let us assume that the body
ror or 2% o122

has stationary temperature field without internal heat release that satisfies Laplace equation

V4T =0. 3)
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The system of Navier's equation of the thermoelasticity theory (2) will be considered
as the system of three-dimensional differential equations with known non-zero right-hand
parts, which are determined by the harmonic temperature (3). The general solution of the
system of equations (2) is represented as the sum of homogeneous and partial solution. It is
known that partial solution is not usually determined uniquely, but with accuracy up to the
unknown homogeneous solution.

While solving many practical and scientific problems of thermoelasticity, there is
the need to find uniquely defined stress-strain state that depends only on temperature and
does not contain elastic displacements. Therefore, we will make an appropriate separation
of displacements in Cartesian coordinate system

uj:u?+u}, j=1,3, (4)

where u‘j are components of the elastic displacement vector (with index €), u} are

components of temperature displacements (with index t), which are uniquely determined
by the temperature (3) and do not contain elastic displacements. Here, we do not investigate
the effect of temperature on the stress state of the particular body as the result of taking into
account the boundary conditions on its outer surface [6].

Definition. A partial solution uj, j= 1,3 of the system of thermoelastic equations

is called the temperature solution if it does not contain elastic displacements.

Known partial solutions of the system of equations (2) in Cartesian coordinate
system that do not contain elastic displacements are analyzed in paper [10]. It is determined
that the following simple dependencies are true for these temperature solutions:

e"=3aT, 0" =0, (5)

where ® = o + 65 + o3 is the sum of normal stresses.

Theorem 1. Equalities (5) are true for all temperature solutions of the system (2), (3).
Proof. Lit us write for the thermoelastic distribution of displacements (4)

e=e"+e®, @=0"+06°, (6)

Let us present the known dependences between the elastic volume deformation and the
sum of normal stresses, when the influence of temperature is not taken into account [6]

1-2v
e’ = . e°, ©)
and when the effect of temperature is taken into account [2, 4]:
e=1"29 43T
Let us substitute relations (6), (7) into the last dependence and obtain
et =122 9T L30T | (8)
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Since equality (8) includes dependencies (5) as a special case, the simultaneous
fulfillment of conditions (5), (8) is possible only when the sum of normal stresses is zero. From

this condition it follows: ®* =0, e* =3aT. These equations are also true in the cylindrical
coordinate system. The end of the proof.

Temperature solution of the system of equations (2) in Cartesian coordinate system
when the temperature does not depend on the variable Z was found in paper [10]: T =T(x,y)

09 . 5 t
utj:%*xlﬂj, j=12, uj=azT, €' =3aT, )

where T, Qj:dexJ—, j=12 are harmonic functions of two variables XY,

(X, ¥) = (X + yQ,) is the main biharmonic function, x =-a/4, y; =3a/2. It is also
defined that the volume deformation and the sum of normal stresses of temperature solutions
in Cartesian coordinate system satisfy relation (5).

2. Construction of the partial solution of the equations of thermoelasticity theory in
the cylindrical coordinate system when the temperature does not depend on coordinate z .

Since we are considering the isotropic material, dependencies (5) will also be true in
the cylindrical coordinate system. If the temperature does not depend on the variable Z,
then, it follows from physical considerations [10], that the strains and stresses in axis Oz
direction are

g; =aT, o, =0. (10)

In order to construct the partial solution of the system of equations (2), we take into
account that the volume deformation from the temperature solution is invariant in orthogonal
coordinate systems. Let us take into account dependencies (10) and write relation (5) in the
cylindrical coordinate system:

Or +0u =0, & +g,=2aT. (11)

Since the temperature and the partial solution of the system of equations (2) do not
depend on the variable zZ , we introduce two-dimensional Laplace operator

2
a bl 0,12

1
— . 12
ror or r2 a(pz] (12)

2.1. Conversion of temperature displacements (9) into the cylindrical coordinate
system. Let us write down the relationship between coordinates and displacements in the
Cartesian and cylindrical coordinate systems [12].

X=rcose, y=rsing, X3 =z,
(13)
| =Ccosqe, —sin ge,, j=Cosee, +sin oey,

where i, j, k; ey, e,, €, are unit vectors in the Cartesian and cylindrical coordinate systems,

respectively. Let us use dependencies (13) and write down the partial derivatives of the
transition between these coordinate systems.
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r ro . 0 sin op COS
a—=c05cp, a—zsm(p, @ __She  op_Cose

OX oy OX r oy r (14)

The following expressions for displacements in the cylindrical coordinate system follow
from relations (13):

Ur =UCOS@+Vsin @, U, =VCOS@—USIN¢. (15)

Relations (12)—(15) make it possible to transform the displacements
expression (9) from the Cartesian coordinate system to the cylindrical coordinate
system. Let us use relations (13), (14) and present integrals Q; in the cylindrical coordinate

system
Q; = [T(r,@)d(rcosp), Q, = [T(r,g)d(rsing). (16)

Due to relations (9), (13), (15), (16), we define the functions that are included in the

displacements (15) without taking into account the gradient part 5—8 j=12 in the
X.
j
representation (9)
Qp =[cos pCY +sin eQy], Q, =[COs P, —sin e ]. (17)

Let us use relations (9), (13), (16), (17), and find the expression of the basic function in
the cylindrical coordinate system

3(r, @) = ¢rQ (r, 0) . (18)

Let us take into account that components 5—9 of the gradient vector in
X.
j
expressions (9) are invariant while replacing the orthogonal coordinate system [12].
Due to relations (9), (13), (15), (16)—(18), we determine the displacements in the
cylindrical coordinate system

=Xr_8Qr +gaQ(P, u:tg =ozl . (19)

o

Q
uf =xr a@rr +%aQr, Ug

Expressions (18), (19) include functions Q, Q, expressed by integrals (16), (17),

which are difficult to calculate in the cylindrical coordinate system. In order to determine
these functions, we are to solve the equilibrium equations of the thermoelastic body (2).

2.2. Solving the equations of thermoelasticity theory in the cylindrical
coordinate system. To construct the partial solution of the system of equations (2), we take
into account that the value of the volume deformation of the temperature solution is the
invariant value in orthogonal coordinate systems. Let us substitute the value of the volume
deformation (5) into system (2) and obtain the system of two dependent equations for the
desired partial solution
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AUl -2 @ Tr = o9
T2 a9 2 or (20)
2 out Ug 10T
T r P
T2 2 e

The third equation of system (2) is satisfied by the displacements (19) identically. From
the last equation (11) and the expression of deformations (1), we define

r oe or r

+ 20T . (21)

Let us substitute relation (21) into the first equation (20) and get the following equation
for determining the displacement u;
20uf uy _ 4 oT

Apup +=—L+ L =g -T-a—. 22
T ror 2 r or (22)

It has been determined by mathematical calculations that the partial solution of equation
is expressed by displacement (19), where the function Q, (r,z) has the following expression

Q, = [Tdr. (23)
Let us use function (23) and present the expression of the radial displacement (19)
uf = —%arT +%aITdr : (24)

Let us substitute expression (24) into equation (21) and find

ou
—q’zga(rT—J'Tdr)+locr2£T. (25)
dp 4 4" or

Using representations (19), (25) we can write the expression of circular displacements

10
uw——za%del’wLXqu). (26)

Let us substitute expression (26) into equation (25), and after mathematical
transformations we find the integral function

Q, =r[Tde- [[Tdrde. (27)

Let us present formulas (9), (24), (26), (27) together and after mathematical transformations
express the temperature displacements in the cylindrical coordinate system

uy =%[5der ~rT], ug _—[6r2j—d<p+5—der] uj = ozT . (28)
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Use relations (1), (10), (11), (28) we can find the temperature deformations

o
sﬁz%(ﬂ—raa—:), fp—z(4T+r—) 82 =al ,
(29)
_adl ' _ o1 o dar
0= "% % or T e

Let us substitute functions (29) into expressions (1) and determine the temperature
stresses in the cylinder

a 8T a OT
r=—G=r— oc,=G=r—, ¢ =0,
2 o P00 o Ot
(30)
ool _ o OoT
T = Ga_’ T T G2 Tg‘F’:GrZ%'

We have determined two important patterns of temperature stress distribution in the
cylindrical body: oy +6¢ =0, & +&, =2aT.

Theorem 2. The general solutlon of the system of equations of thermoelasticity theory
in the cylindrical coordinate system, when the temperature does not depend on the axial
variable, can be represented as follows:

(31)

where P=z0+Y¥Y; ®(r,¢9,2), Y(r,9,2), Q(r,p,z) are harmonic functions of
displacements [11].

Proof. Representation of the general stress state in the cylindrical coordinate system
in elastic body is given in [11], let us add temperature solution (18), (19), (23), (27) to it
and obtain formulas (31). The end of the proof.

Using displacement (31) and temperature stresses (30), we find the expression of
the total thermoelastic stresses in the cylindrical coordinate system

0°P . od 0 Q o aT

or = 26[ —2v - —=]-G o,
or? az or roe 2 or
2
o, 2B[LEP P 00 209 co T
ror gp? or oz Or rog 2 or
-2G[Q—2(2— W2,
0z°
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Ty, = G{Q[Za—P—Xq>]+1i@+ocGza—T},
or 0z r op 0z or

2
rop o0z ooz r oo

where y =4(1-v)

Conclusions. It has been determined that in the cylindrical coordinate system, the sum

of normal temperature stresses is zero, and the volume deformation is equal e=3aT ; if the
temperature does not change in some spatial direction, then in this direction the normal
temperature stresses are equal to zero. Simple dependences (29), (30) are obtained for
determining the temperature normal deformations and stresses in the cylindrical coordinate
system. The expression of the total thermoelastic displacements and stresses in the cylindrical
coordinate system is found. The obtained formulas make it possible to solve the problems of
determining the thermoelastic state of bodies.
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VJIK 539.3

3HAXO/IKEHHS ®I3UYHO OBIPYHTOBAHUX YACTKOBHUX
PO3B'SI3KIB PIBHSIHb TEOPIi TEPMOIIPYKHOCTI B
HUJIIHAPAYHIA CUCTEMI KOOPJUHAT

BikTop PeBenko

Inemumym npukaaouux npobaem MexaniKu i Mamemamuxy
imeni A. C. Iliocmpueaua HAH Ykpainu, Jlvsis, Yxpaina

Pe3tome. 3uatioeno Ho8I po36's3Ku meopili mepMonpy*HCHOCI 8 YUIIHOPUYHIL cucmemi Koopounam. /s
ONUCYBAHHS MEPMONPYICHO2O0 CINAHY BUKOPUCAHO JIHIUHY CIAMUYHY MOOEIb MPUBUMIPHO20 130MPONHO20 Mina
nio 0di€lo cmayionapHo2o memnepamypHoz2o nois 3a iocymuocmi 00’emuux cun. Poszensmyma mooens
dehopmosarnozo mina 6azyeEmMvCsi HA NOOAHHI NEPEMIUEHb | HANPYICEHb Yepe3 YOMUPU 2APMOHIYHE PYHKYLL, mpu
@YHKYIT ONUCYIOMb NPYICHULL CINAH, d MEeMRepamypa Onucye Yucmi memnepamypHi nepemiujenns. Buxopucmano
cniggionowenns Jfioamensi—Hevimana 0ns noOanHs mepmonpysiCHUX HanpyiIcenb 8 00HOPIOHOMY MEEPOOMY M.
Pozenanymo eunadox, xoau cmayionapHa memnepamypa 3a0080abHAE pisnanna Jlanaaca. Ilicns niocmanogxu
MEPMONPYNHCHUX — HANPYICEHb V  DIGHAHHS  PIBHOGA2U  MEPMONPYICHO20 MINA  OMPUMAHO  CUCTHEMY
Ooughbepenyianvnux pieHanb Hae’c 6 uacmuHHUX NOXIOHUX OpPY2020 NOPAOKY HA NPYICHI U MeMNnepamypHi
nepemiujents. 3azanvHuil po36'a30Kk NOOAHO y 6uisi0i cymu 0OHOPIOHO20 Ul HACMK08020 p038 a3kie. Yacmkosuil
038’30k cucmemu pieHanb Hag’e, saKuil A6HO 8UHAYAEMbCA CMAYIOHAPHOIO MEMNepamyporo i He MiCmumy )
cobi npydcHux nepemiujenv, Ha3eano memnepamyprum. Illepemiujenns, Oegopmayii 1 HanpysicenHs, sKi
BUSHAYAIOMbCA YUMU MEMNEPATNYPHUMU D038 SA3KAMU, HA36AHO memnepamyprumu. Bukopucmano @isuuni u
mMamemamuyni 0COOIUBOCMI MEPMONPYICHO2O HANPYICEHO2O0 CMAHY Ui 008E0eHO, WO Ol MeMnepamypHux
PO38'A3Ki6 CyMA HOPMATIbHUX HANPYICEHb OOPIBHIOE HYIIO, A 00 'emHe posuupenns piene € = 3aT . Bukopucmano
3HAUOEHT 3aneNCHOCMI Ul 3aNUCAHO HOBULL MEeMNEePAmypHULl PO36 130K CUCIEMU DIBHAHb MEPMONPYICHOCMI 8
YUNTHOPUYHIT cucmeMi KOOPOUHAM, KOU MeMNepamypa He 3a1eicums 8i0 0cb0o8oi sminnoi. Omoumano npocmi
Gdopmynu Ons supadceHHs memnepamyphux Hanpyscenv. 1100y008aH0 3acanvHull po3e's30K pieHAHb meopii
MEPMONPYICHOCMI Uepe3 YOMmUpU 2apMOHIYHUX (DYHKYII, KOAu meMnepamypHe noje 3a0a€mvcsi 0808UMIPHOKO
2apMOHIUHOI0 PYHKYIET.

Knrwuosi cnosa: yunindpuuna cucmema KOOPOUHAM, MEPMONPYICHULL cmaxn mina, Qi3uuni
Xapaxmepucmuku memMnepamypHo20 Cmawy, memMnepamypHi HanpyJCeHHs U NePeMiuyeHH L.
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