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Summary. Within the framework of linearized formulation of the elasticity theory problems, the stress-

strain state of a pre-deformed plate, which is modeled by a pre-stressed layer, is analyzed in the case of its smooth 

contact interaction with a two rigid axisymmetric indenters. The dual integral equations of the problem are solved 

by representing the quested-for functions in the form of a partial series sum by the Bessel functions with unknown 

coefficients. Finite systems of linear algebraic equations are obtained for determination of these coefficients. The 

influence of the initial strains on the magnitude and features of the contact stresses and vertical displacements on 

the surface of the plate is analyzed for the case of compressible and incompressible solids. In order to illustrate 

the results, the cases of the Bartenev – Khazanovich and the harmonic-type potentials are addressed. 
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Introduction. The calculation of the strength of structural elements and machine 

parts is one of the most important design stages. To minimize calculation errors, you need 

to take into account the maximum number of factors that affect the contact interaction of 

bodies. Therefore, it is imperative to take into account the presence of initial stresses and 

strains in the contacting bodies, as they can play a crucial role. In general, solving problems 

of this type requires the nonlinear theory of elasticity. However, for sufficiently high levels 

of initial deformations, a linearized formulation of the elasticity theory can be used. 

Scientists take such steps when solving problems in a variety of fields. In particular, the 

linearized formulation was used [1] to build a three-dimensional finite element model aimed 

at studying microdeformations in joints reinforced with isotropic and anisotropic fibers; to 

build a mathematical model aimed at studying the effect of initial stresses on wave 

propagation in a hollow infinite multilayer composite cylinder [2]. The geometrically 

linearized theory for incompressible materials was derived [3] from the nonlinear theory of 

elasticity in the small displacement regime. Using similar approaches [4], the asymptotic 

theory of beams for non-classical elastic materials was developed. The stress-strain state of 

a prestressed thick plate under the condition of its smooth contact interaction with a rigid 

axisymmetric annular indenter was also investigated using a linearized formulation of the 

problems of elasticity theory [5, 6]. 

It should be noted that the interaction of complex-shaped indentors with pre-stressed 

bodies has not yet been sufficiently studied. This paper demonstrates a methodology for 

determining the axisymmetric stress-strain state of a pre-stressed body using a plate as an 

example during its compression by two rigid indenters. The paper also investigates the effect 

of plate thickness and initial deformations on the distribution of contact stresses and vertical 

displacements of the plate surface.  

Setting of the problem. Let us consider the axisymmetric problem of compression of a 

prestressed plate of thickness by two coaxial rigid parabolic indenters. 
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We will model the plate as a 

prestressed isotropic layer [5,6]. Indentors are 

pressed into the layer progressively without 

rotation and friction under the action of a 

constant force P . Each indenter is formed by 

rotating a parabolic branch and a line segment 

perpendicular to the parabolic axis around a 

common axis. The focal parameters of the 

parabolas for the upper and lower indentors 

are respectively equal to 1R  and 2R . The 

axes of the parabolas bounding the 

indenters are parallel to the common axis of 

rotation, which coincides with the line of 

action of the forces P . Let's choose a 

cylindrical coordinate system ( ), , ,O r z so 

that the coordinate plane ( ), ,O r  coincides with the median plane of the layer, and the axis 

Oz coincides with the axis of symmetry of the indenters (Fig. 1). The boundary conditions of 

the problem will be as follows: 

 

( ), 0,zz r h a r =  ; (1) 

  

( ), 0, 0rz r h r =   ; (2) 

  

( ) ( )1, , 0zu r h r r a=   ; (3) 

  

( ), 0,zz r h b r − =  ; (4) 

  

( ), 0, 0rz r h r − =   ; (5) 

  

( ) ( )2, , 0zu r h r r b− =   . (6) 

 

Functions ( )1 r and ( )2 r describe the shape of indentors. Let's choose them in the form of  
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( ) ( )

( ) ( ) ( )
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 
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= 
  + − − −  

 

 (8) 

 
 

Figure 1. Diagram of contact interaction 
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where 1R  and 2R are the focal parameters of the parabolas, which bound the upper and lower 

indenters, respectively. 

Solution of the problem. We will assume that the residual stresses present 

in the layer to be homogeneous, so the following expressions for the components of the 

stress tensor and the displacement vector can be used to describe the stress-strain state of 

the layer [7] 

 

( ) ( ) ( ) ( ) ( )3

3 31 1 2 0

0

, ,rz rr z Q r z c A sh z A s sh z zch z     


= = − + + +    

( ) ( ) ( )  ( )1 2 0 1B ch z B s ch z zsh z J r d     + +  +   ; 

( ) ( ) ( ) ( ) ( )3

33 33 1 2

0

, ,zz r z Q r z c Ach z A sch z zsh z     


= = + + +    

( ) ( ) ( )  ( )1 2 0B sh z B ssh z zch z J r d     + + +   ; 

( ) ( ) ( ) ( )2

1 2

0

,ru r z Ach z A ch z z sh z    


= − + + +    

( ) ( ) ( )  ( )1 2 1B sh z B sh z z ch z J r d     + + +   ; 

( ) ( ) ( ) ( ) ( )2

3 1 2 1

0

, ,zu r z u r z m A sh z A s sh z z ch z    


= = + + +    

( ) ( ) ( )  ( )1 2 1 0B ch z B s ch z z sh z J r d     + + +   . 

 
Having met the boundary conditions (1) and (2) on the upper boundary plane of the 

layer, at z h= , we derive: 

 

( ) ( ) ( )  ( )1 2 0 0, ;B sh h B s sh h hch h J r d a r     + + + =       (9) 

  

( ) ( ) ( )3

31 1 2 0

0

c A sh h A s sh h hch h    


− + + +    

( ) ( ) ( )  ( )1 2 0 1 0, 0 ;B ch h B s ch h h sh h J r d r     + + + =       

(10) 

  

( ) ( ) ( )2

1 2 1

0

m A sh h A s sh h hch h    


+ + +    

( ) ( ) ( )  ( ) ( )1 2 1 0 1 ,0 .B ch h B s ch h h sh h J r d r r a      + + + =      

(11) 

 
Similarly to (4) and (5), on the lower boundary plane of the layer, at z h= − , 

we obtain: 

 

( ) ( ) ( )3

33 1 2

0

c Ach h A s ch h h sh h    


+ + −    

( ) ( ) ( )  ( )1 2 0 0, ;B sh h B s sh h hch h J r d a r     − − + =       

(12) 
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( ) ( ) ( )3

31 1 2 0

0

c A sh h A s sh h hch h    


− − − + +    

( ) ( ) ( )  ( )1 2 0 1 0, 0 ;B ch h B s ch h h sh h J r d r     + + + =       

(13) 

 

( ) ( ) ( )2

1 2 1

0

m A sh h A s sh h hch h    


− − + +    

( ) ( ) ( )  ( ) ( )1 2 1 0 2 , 0 .B ch h B s ch h h sh h J r d r r b      + + + =      

(14) 

 
By applying the inverse formula of the Hankel integral transformation to relations (10) 

and (13), we obtain expressions for 1A , 1B  through 2A , 2B  

 

( )
( ) ( )1 0 2

1
A s sh h hch h A

sh h
  



−
= +   ;  

  

 

( )
( ) ( )1 0 2

1
B s ch h h sh h B

ch h
  



−
= +   . (15) 

 

By introducing two unknown functions ( )x r  and ( )y r , defined on the segments 

 0,a  and  0,b  respectively, we extend relations (9) and (12) to the entire positive 

semi-axis  )0,  

 

( ) ( ) ( )3

33 1 2

0

c A ch h A s ch h h sh h    


+ + +    

( ) ( ) ( )  ( )1 2 0B sh h B s sh h hch h J r d     + + + =    

( ) ( ), 0 ;x r a r r= −    

(16) 

  

( ) ( ) ( )3

33 1 2

0

c A ch h A s ch h h sh h    


+ + −    

( ) ( ) ( )  ( )1 2 0B sh h B s sh h hch h J r d     − − + =    

( ) ( ), 0 .y r b r r= −    

(17) 

 

By applying the inverse formula of the Hankel integral transformation to equations (16) 

and (17), using the relations (15), we obtain a system of relatively unknowns 2A , 2B . Solving 

it, we will obtain 

 

( )

( ) ( ) ( )
( ) ( )2

2 1 2

33 02

sh h
A I I

c s s ch h sh h h


  

  
= +  − −  

;  
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( )

( ) ( ) ( )
( ) ( )2

2 1 2

33 02

ch h
B I I

c s s ch h sh h h


  

  
= −  − +  

, (18) 

 

where 

 

( ) ( ) ( )1 0

0

a

I rx r J r dr =  ; ( ) ( ) ( )2 0

0

b

I ry r J r dr =  . 

 

Substituting expressions (7), (8), (15), (18) into relations (11) and (14), we will obtain: 

 

( ) ( ) ( ) ( ) ( ) ( )( ) ( ) ( )
21

1 1 2 2 0 0

10

1

2 2
a

k
I I J r J a d a r a r

R
         



+ − = − − − +    

( ) ( ) ( ) ( ) 
2 2

1

1

2
a a ar r a r r r r a

R
  + − − − − − −

  ; 

(19) 

 

( ) ( ) ( ) ( ) ( ) ( )( ) ( ) ( )
21

1 1 2 2 0 0

20

1

2 2
b

k
I I J r J b d b r b r

R
         



+ − = − − +    

( ) ( ) ( ) ( ) 
2 2

2

1

2
b b bb r r r r r r b

R
  + − − − − − −

 
. 

(20) 

 

The following notations are used in the last equations: 

 

( ) ( ) ( )1 1 2   =  + , ( ) ( ) ( )2 1 2   =  − ; 

 

( ) ( )1 2   = − , ( ) ( )2 1   = − ; 

 

( )
( ) ( )

( ) ( ) ( )

2

0

1

0

s s sh h

s s ch h sh h h




  

−
 =

− −
, ( )

( ) ( )

( ) ( ) ( )

2

0

2

0

s s ch h

s s ch h sh h h




  

−
 =

− +
; 

 

( )

( )

( )

( )( )
1 0 1 1 0

1

33 0 44 0 1 1 11

m s s m s s
k

c s s c s s m l n

− −
= =

− − +
. 

 

The unknown functions ( )x r  and ( )y r  determine the distribution of contact 

stresses under the indentations. aking into account their continuity, as well as the absence 

of the contact area at the boundary (at r a=  and r b= ), we represent ( )x r  and ( )y r  as 

a segment of the generalized Fourier series by the Bessel functions 

 

( ) 0

1

N

n n

n

r
x r a J

a


=

 
=  

 
 , 0 r a  ; 

 

( ) 0

1

N

n n

n

r
y r b J

b


=

 
=  

 
 , 0 r b  , (21) 
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where n  – positive roots of the level ( )0 0J x = . 

Substituting the relation (21) into equations (19) and (20), we will obtain 

 

( ) ( ) ( ) ( ) ( )( )11
1 0 0

1 0
2

N

n n

n

k
a I J r J a d     



=


 − + 


   

( ) ( ) ( ) ( ) ( )( )2

2 0 0

1 0

N

n n

n

b I J r J a d     


=


+ − =


   

( ) ( ) ( )
2 2

1 1

1 1
, 0

2 2
a a ar r r r a r r a

R R
= − − − −   ; 

(22) 

 

( ) ( ) ( ) ( ) ( )( )11
1 0 0

1 0
2

N

n n

n

k
a I J r J b d     



=


 − + 


   

( ) ( ) ( ) ( ) ( )( )2

2 0 0

1 0

N

n n

n

b I J r J b d     


=


+ − =


   

( ) ( ) ( )
2 2

2 2

1 1
, 0

2 2
b b br r r r b r r b

R R
= − − − + −   ; 

(23) 

 

( ) ( ) ( )1

0 0

0

a

n n

r
I rJ J r dr

a
  

 
=  

 
 ;   ( ) ( ) ( )2

0 0

0

b

n n

r
I rJ J r dr

b
  

 
=  

 
 . 

 

Multiplying relations (22) and (23) by 0 q

r
r J

a


 
 
 

 та 0 q

r
r J

b


 
 
 

, 1,q N= , 

respectively, and integrating the obtained expressions r from 0 to aand from 0 to b , we will 

obtain 

 

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

11 12 1

1 1

21 22 2

1 1

;

;

N N

n qn n qn q

n n

N N

n qn n qn q

n n

a K b K B

a K b K B

 

 

= =

= =

+ =

+ =

 

 

 (24) 

 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )11 1 1 1

1 0

0

qn n q qK I I J a F d      


  = −
   ; 

 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )12 2 1 1

2 0

0

qn n q qK I I J a F d      


  = −
   ; 

 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )21 1 2 2

1 0

0

qn n q qK I I J b F d      


  = −
   ; 

 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )22 2 2 2

2 0

0

qn n q qK I I J b F d      


  = −
   ; 
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( ) ( ) ( )
2 21

0 0

1 1 0

1

a

a a

q a q a q

r

r r
B r r r J dr a r rJ dr

k R a a
 

    
= − − −    

     
  ; 

 

( ) ( ) ( )
2 22

0 0

1 2 0

1

b

b b

q b q b q

r

r r
B b r rJ dr r r r J dr

k R b b
 

    
= − − −    

     
  ; 

 

( )1

0

0

a

q q

r
F rJ dr

a


 
=  

 
 ;   ( )2

0

0

b

q q

r
F rJ dr

b


 
=  

 
 . 

 

Using the superposition method and entering the notation 

 

( ) ( )1 2

1 1 2

1 1 1
n n na a a

k R R

 
= + 

 

, ( ) ( )1 2

1 1 2

1 1 1
n n nb b b

k R R

 
= + 

 
, (25) 

 

from (24) we obtain the systems of equations for the unknowns 
( )1

na , 
( )2

na , 
( )1

nb  and 
( )2

nb , 1,n N=

. 

The values 1R  and 2R  in the relations  (25) determine from the conditions of equilibrium 

 

( )
0

2 ,

a

zzr r h dr P  = − ;       ( )
0

2 ,

b

zzr r h dr P  − = − . (26) 

 

Taking into account (26) from inequalities (21), (25), we obtain the system with respect 

to  

 
( )1

R  та ( )2
R  

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

1 1 1 2 2 1

1 1

1 1 2 2 2 2

1 1

1;

1;

N N

n q n q

n n

N N

n n n q

n n

R a F R a F

R b F R b F

= =

= =


+ = −



 + = −


 

 
 

( )

1

1 2
, 1,2.

i

i

R i
k R P


= =  

(27) 

 

Having solved system (27), from relations (21) and (25), we obtain the formulas for 

finding the function of contact stress distribution under indenters 

 

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

1 1 2 2

0

1

1 1 2 2

0

1

, ,
2

, ,
2

N

zz n n n

n

N

zz n n n

n

P r
r h R a R a J

a

P r
r h R b R b J

b

 


 


=

=

  = +     

  − = +     




 (28) 

 

as well as expressions for determining the vertical displacements of the points of the upper and 

lower planes of the layer 
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( ) ( ) ( ) ( ) ( )( ) ( ) ( ) ( ) ( )1 1 2 2 11
1 0

1 0

,
2 2

N

z n n n

n

k P
u r h R a R a I J r d    





=


= + +


 

 ( ) ( ) ( ) ( )( ) ( ) ( ) ( ) ( )1 1 2 2 2

2 0

1 0

N

n n n

n

R b R b I J r d    


=


+ + 


  ; 

(29) 

  

( ) ( ) ( ) ( ) ( )( ) ( ) ( ) ( ) ( )1 1 2 2 11
1 0

1 0

,
2 2

N

z n n n

n

k P
u r h R a R a I J r d    





=


− = + +


   

( ) ( ) ( ) ( )( ) ( ) ( ) ( ) ( )1 1 2 2 2

2 0

1 0

N

n n n

n

R b R b I J r d    


=


+ + 


  . 

 

Numerical example. Let us investigate the effect of the layer thickness and the residual 

deformation field on the distribution of contact stresses and vertical displacements of the points 

of the layer boundary planes. 

 

  

 

Figure 2. Contact stresses 

 

Figure 3. Vertical displacements 

 

Fig. 2 shows a graph of the function ( )* r , describing the distribution of contact stresses 

for the case of compression of the layer by two identical co-axial parabolic indenters at 

1 2 2R R= = , 0a br r= = . The graph of the value of ( )*u r , describing the vertical displacements 

of the points of the boundary planes of the layer for the same case, is shown in Fig. 3. Curve 1 

corresponds to the layer thickness 0.5H = , curve 2 – 1H = , curve 3 – 2H =  . As can be seen 

from the figures, the layer thickness affects the extreme values of contact stresses. In particular, 

when the layer is compressed with thickness 0.5H =  the extreme values of contact stresses 

are 40% higher than at 1H = . 

The coefficient 1k , which is determined by the ratio 

 

( )

( )( )
1 1 0

1

44 1 0 1 11

m s s
k

c m s s l n

−
=

+ −
, 

 

characterises the effect of initial deformations and depends on the structure of the elastic 

potential of the prestressed plate. In particular, in the case of the Bartenev-Khazanovich 

potential 
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( )
7

2
1

1 3

1

2 1

3 1
k

E

 



+
=

−
, 

 

where   – Poisson's ratio, E  – Young's modulus of the plate material. The latter ratio tends to 

infinity at 
3

13 1 0 − = , i.e. at 1 0.693kp →  . The value kp  corresponds to surface instability 

under uniform biaxial compression. In this case, the vertical displacements of the boundary 

plane points increase unlimitedly, and there are no contact stresses. Thus, the following 

mechanical effect is observed: when 1  is approaching the critical value kp  the phenomena of 

«resonant nature» occur in the plate, which were previously discovered by O.M. Guz in the 

problems of brittle fracture of materials with initial stresses [7]. A similar effect is observed in 

bodies with an elastic potential of harmonic type. The coefficient 1k  in this case takes the form 

 

( )
( ) ( )

2 2

1
1

1

2 1

2 1
k

E

 

  

−
=

+ − +
. 

 

For different materials, the critical values kp  are different because they depend on  . In 

particular, at 0.3 =  «resonance» phenomena are observed at 1 0.565kp →  . Figure 4 

illustrates the dependence of the coefficient  1k  on 1  for the case of the Bartenev-Khazanovich 

potential (curve 1) and the harmonic potential (curve 2). 

 

 

 

Figure 4. Dependence of 1k  and on 1  

 

Conclusions. Regardless of the shape of the indenter and the presence of residual 

deformations, the distribution of contact stresses for a layer with a thickness of at least twice 

the radius of the contact area is similar to the corresponding distribution for a half-space. 

The presence of residual tensile deformations in the layer causes a narrowing of the 

contact area, an increase in the absolute value of contact forces and a decrease in vertical 

displacements. The magnitude of the induced changes depends on the type of elastic potential. 

The presence of residual compressive deformations in the layer, in turn, causes the expansion 

of the contact area, a decrease in the absolute value of contact stresses and an increase in vertical 

displacements. 
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УДК 539.3 
 

МОДЕЛЮВАННЯ СТИСНЕННЯ ПОПЕРЕДНЬО ДЕФОРМОВАНОЇ 

ПЛАСТИНИ ДВОМА ІНДЕНТОРАМИ СКЛАДНОЇ ФОРМИ 
 

Григорій Габрусєв; Ірина Габрусєва; Борис Шелестовський 
 

Тернопільський національний технічний університет імені Івана Пулюя, 

Тернопіль, Україна 
 

Резюме. Продемонстровано розроблену методику побудови розв’язків осесиметричних задач 

визначення напруженого стану заздалегідь деформованої пружної плити при її контактній взаємодії з 

двома жорсткими інденторами складної конфігурації. Співвідношення, що описують напружено-
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деформований стан тіл із початковими деформаціями, наведено у рамках лінеаризованої постановки 

задачі теорії пружності. Із використанням запропонованої методики досліджено напружено-

деформований стан заздалегідь деформованої плити при її гладкому контакті з двома жорсткими 

осесиметричними параболічними інденторами складної конфігурації. Побудову аналітичних розв’язків 

контактної задачі для попередньо деформованої плити проведено шляхом її моделювання попередньо 

напруженим ізотропним шаром. Граничні умови в зоні контакту сформульовано в класичній постановці 

(відсутність дотичних напружень на граничній поверхні шару, відсутність нормальних напружень за 

межами зони контакту, вертикальність зміщення індентора). У результаті підстановки виразів для 

компонент напружено-деформованого стану плити в граничні умови побудовано систему двох парних 

інтегральних рівнянь, ядра яких містять функції Бесселя. Подаючи функцію розподілу контактних 

напружень під інденторами у вигляді скінченного ряду за функціями Бесселя. Задачу зведено до скінченої 

системи лінійних алгебраїчних рівнянь відносно невідомих коефіцієнтів ряду. Побудовано аналітичні 

вирази для контактних напружень та вертикальних переміщень межових точок плити. Застосувавши 

отримані співвідношення, проаналізовано вплив початкових деформацій на рівень та характер 

контактних напружень і вертикальних переміщень межової площини плити у випадках стисливого та 

нестисливого матеріалу. Числовий аналіз проведено для випадків наявності у плиті пружного потенціалу 

Бартенєва – Хазановича, а також потенціалу гармонічного типу. 

Ключові слова: попередньо деформована плита, попередньо напружений шар, контактні 

напруження, вертикальні переміщення, параболічний індентор, подвійні інтегральні рівняння. 
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