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Summary. The problem of constructing the boundary of the stability region (BSR) of linear discrete
automatic control systems in the plane of the system parameters, which are linearly included in the coefficients of
the characteristic equation, and quality indicators of the transient process (stability degree, fluctuation degree or
attenuation factor) by the D-partition method is considered. The shifted and fictitious characteristic equations for
BSR construction in the area of parameters and quality indicators are introduced. It is shown that the quality
indicators are non-linearly included in the coefficients of the characteristic equation, therefore it is impossible to
construct the BSR of discrete automatic control system using the classical D-partition method. Constructing of
digital control system BSR of spaceship state using one coordinate in the plane of the system parameter- stability
degree is considered. The BSR is obtained using the previously proposed by the authors method of constructing
the region of stability in the plane of two parameters, one of which is nonlinearly included in the system equation.
At the same time, the construction of the entire D-partition curve, special straight lines, and the use of Neimark
hatching is excluded, and computer realization of the limit of stability region is ensured. The obtained BSR family
in the plane of the parameter and at different values of another system parameter which is nonlinearly included
in the coefficients of the shifted characteristic equation makes it possible to estimate, and for the parameter values
on the boundary of the stability region of the BSR family, to determine the stability degree.

Key words: D-partition, boundary of the stability region in the parameter space, quality indicator,
characteristic equation.

https://doi.org/10.33108/visnyk_tntu2024.01.071 Received 05.01.2024

Formulation of the problem. During the study of real automatic control systems (ACS),
solving the problem of determining the stability of a linear discrete system at fixed parameters is
not sufficient. It is important to construct the boundary of the stability region (SR) in the space of
parameters whose influence on the stability of the system is being studied [1, 2, 3].

Quality of transient processes characterised by such indicators as transient time (system
performance), oscillation, overshoot, etc., which are directly determined by the transient curve,
IS important.

It is important in practice to determine the values of the parameters that meet the
required indicators of the quality of the transition process and to estimate the limits of change
in these parameters as well.

Analysis of available research results. The known numerical methods of constructing
the stability region (SR) of linear BRS by searching points in the parameter space using
computer are not economical in terms of machine implementation with increased accuracy of
determining the SR and the correctness of the result is not always guaranteed [4, 5].

In general, the boundary of the stability region is determined using the D-partitioning
method.

In [6] and others, the authors present a method that allows, for a wide class of discrete
ACS, to determine in the plane of the SR parameters the subregions whose control time and
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variability are less than some predetermined values. The values of the system parameters on the
boundary of the obtained subregions (lines of equal values of the degree of stability and the
degree of variability) of stability correspond to the boundary values of the transient quality
indicators. But at the same time, the problem of determining the correspondence between the
parameters of the coefficients of the characteristic equation and the quality indicators within
the subregions of the entire stability region is not solved.

Objectives of the research. To build a boundary of the stability region in the space of
parameters of discrete ACS characteristic equation and transient quality indicators, which
allows to estimate and determine the values of parameters that correspond to the specified
values of the degree of stability and the degree of oscillation. The solution of the problem is
carried out similarly to the previous work of the author [7], taking into account the significant
differences between continuous and discrete systems.

Statement of the problem. It is known that a linear discrete system is described by
difference equations:

a,y[(n+K)T J+ay[(n+k-1)T ]+..+a_,y[(n+1)T J+a,y[nT]=

=byx[(n+m)T J+bx[(n+m-1)T |+...+b, x[nT] @
The characteristic equation of a discrete system is as follows:
D(z)=a,z" +az" " +..+a_,z+a, =0 )
or
D(q) = a,“" +ae*“ " +..+a_e" +a, =0 (3)

The characteristic equation of the system (2), which has all roots on the complex z-plane
within a circle of unit radius, i.e. |zi| <1, and the characteristic equation (3) has all roots g, on

the complex g-plane with a negative real part, corresponds to all values of the parameters
located in the stability region.

The parameters located on the boundary of the stability region correspond to the
characteristic equation (2), which has at least one root of z-plane on a circle with unit radius,

i.e. |zi| =1, and the characteristic equation (3) has at least one root on the imaginary axis of the

complex g-plane.

The stability of a discrete ACS is a necessary but not sufficient condition for its practical
applicability. It is important to consider the quality of transient processes, which are
characterised by such indicators as transient time, which characterises the system performance,
fluctuation, re-adjustment, and others, which are determined by the direct method immediately
by the transient curve.

Indirect methods of studying linear discrete systems are used to approximate the quality
of the transient process. Here, distinguish the regions in the plane of the roots of the
characteristic equation that meet the specified quality indicators.

The criterion for an indirect assessment of the nature of the transient process is the
degree of stability 1, the distance from the imaginary axis to the nearest root in the g-plane, and

the degree of fluctuation u = |a)/77|, the largest value of the absolute ratio of the imaginary part
of the root of the g-plane characteristic equation to its real part.
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For a given acceptable value of the degree of stability, the area of the roots of the
characteristic equation is limited to the lines of constant value of the degree of stability in
g-plane by shifting to the left by distance # of the imaginary axis in g-plane, or to the curves of
constant attenuation in z-plane, which are circles with radius z =e™" centred at the origin.

For a given value of the degree of fluctuation u, the roots are located in the region
bounded by the lines in the g-plane (obtained by rotating the imaginary axis by an angle

[% - goj , Where ¢ =arctg x and the logarithmic spiral in z-plane.

To determine whether the roots of the characteristic equation of the discrete ACS belong
to the region bounded by the lines of constant attenuation value and to construct BRS in the

plane of the parameter and the degree of stability, we introduce a new variable q=q -7 into

the characteristic equation (3) and a new variable z=e™"" -z"into equation (2). As a result, we
obtain the so-called shifted characteristic equations in the form:

D(Z)=AZ*"+AZ7 Y+ . +A 7 +A =0 (4)
D(Q) = AT + AT 4+ A T +A =0 (5)
where A =ae ", 7 =e",

To construct the stability region in the plane of the parameter and the degree of

T i
fluctuation, it is necessary to introduce a new variable q= jge ” =q'e [2 wj =qe' into the
characteristic equation corresponding to the rotation of the imaginary axis in the g-plane by an
1 .
angle g = (% - goj , Where ¢ =arctg (QJ =arctg 1z, and S =arctg (ij =arctg— . We obtain
n ® H
the so-called fictitious characteristic equation, which is relatively complicated for the
construction of the SR. Therefore, we first perform a bilinear transformation of the

. . . 1+s . . .
characteristic equation (2) by replacing z = 1L and obtain the characteristic equation of a
-s

closed discrete system of the same order as equation (2):

D(s) =B,s" +Bs“*+..+B,_,s+B, =0, (6)

are binomial coefficients
The binomial transformation displays the plane of the circle of unit radius of the
complex z-plane of the roots of the characteristic equation D(z)into the left half-plane of the
complex s-plane.
To construct the stability region in the plane of the parameter and the degree of

(T

- - - - - - - * i * J 5 * i
fluctuation, or attenuation coefficient & (& =sin ), we substitute s = js'e’ =s’e (2 wj =s'e’
into the characteristic equation and obtain a fictitious characteristic equation:
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D(s)=Cys™ +Cs“ P +..+C s +B, =0, @)

Y 1 .
where C. =B B =arctg—=arcsin & .
U

To construct a stability region in the plane of the parameter and one of the quality
indicators, given another quality indicator, a substitution s = (s* —n)ejﬂ is introduced into the
characteristic equation (6) and a shifted fictitious characteristic equation is obtained:

D(S)=C,S™  +C S M +..+C S +C, =0, (8)

1 | o
where C, =B, —|.S=-n.
‘ "(k—e)! os

Since the quality indicators (degree of stability #, degree of oscillation u, attenuation
coefficient &) are included in the coefficients of the characteristic equations (4), (7), (8) nonlinearly,
it is impossible to construct the boundary of the stability region in the plane of the parameter and
these indicators by the classical D-partitioning method. Therefore, in order to obtain the stability
region, similarly to that for continuous systems, but taking into account the peculiarities of discrete
systems, we use the method of constructing discrete systems in the plane of two parameters, which
eliminates the need to construct the entire D-partitioning curve and special curves, the use of
Neumark hatching, and provides machine implementation of the construction of BRS [8].

In the classical method of constructing the BRS using the D-splitting method, w in the
characteristic equation (5) is changed from 0 to z and the entire D-splitting curve is obtained.
In contrast to the classical method, we will change the parameter » from the predefined value
#imin = 0 t0 7max (min = 0 <1 < nmax), Which is of practical importance.

For each fixed value of the degree of stability 1 when determining the BRS in the plane
of one parameter by the D-partitioning method, the characteristic equation will be as follows:

D(z)=KH(z)-L(2)

where K is the parameter whose influence on the system stability is being studied.
Then the equation of the boundary of the D-partitioning region in the plane of one
parameter is described by the formula:

D(e"”) =KH(e") - L(e"),
and taking into account that e'” =cos@ + jsin@
D(e)=D(@)=K(H(a)+jH,(@)-L (a)+ L, (a)), (9)

where
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From equation (9), we obtain an expression for determining the parameter K:

K(w)z

L (@)H, () + Ly(@)H, (@) Ly(@)H, (@)L (@)H, (o)
H (o)

Hi(@)+Hi(@) ) Hi(@)+Hi(m)
=U(a@)+ V(o).

Since K is a viable physically significant value, the problem of determining the BRS by
D-partitioning method in the plane of one parameter can be reduced to the problem of

determining the stability interval, which can be the interval of the real axis (K, K")located in

the plane of the parameter [8].
The boundary values K’ and K" correspond to the points of intersection of the

D-folding curve with the real axis K (@ ). Therefore, the values of the frequencies @' and

@", which correspond to the boundary values of the parameter K, are determined from the
equation:

_ L, (w) Hl(w)— Ll(w) Hz(w)
H(@)+H; (@)

V(@)
or
L,(z)H,(@)-L(@)H,(@)=0

Then the boundary values of the parameter K of the stability segment (K',K") are
determined by the expressions:

' n_ L(@)H (@) + L, (a)H, (@)
D VT P P S
. . Ll(ZU”) Hl(w")—FLZ(ZU”)HZ(ZUm)

T @) i (@)

In general, a D-partition curve can cross the real axis v (@) in the plane of one parameter

a certain number of times. A potential stability interval is a stability segment located in the area
where all values of the parameter correspond to the roots of the characteristic equation |zi | <1.

The totality of the obtained segments of the stability region (XK', K")for all values of
the quality indicator (0 < n < nma) defines the boundary of the stability region in the
plane [7,K]. This eliminates the construction of the entire D-partitioning curve, special

lines, the use of Neumark hatching, and also provides a machine implementation of the
construction of BRS.

Analysis of numerical values. To illustrate the practical application of the proposed
approach, let us consider the construction of a BRS in the space of a parameter that is linearly
included in the coefficients of the characteristic equation and the stability index # on the
example of a discrete spacecraft control system [9]. The system is designed to control the state
of the spacecraft along one coordinate.
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The transfer function of a closed-loop digital control system is as follows [9]:

T?K, (Z +1)

W(z)= 23,22 +(2K T -4J, +T?K,)Z +(23, - 2K, T+T?K, )’

where the nominal parameters of the control system are: state sensor gain K, =1,65-10°;

velocity sensor gain K, =3,17-10°; moment of inertia of the spacecraft J, =41822; T is the

quantisation (sampling) period.
The shifted characteristic equation looks as follows:

23,€7Z7 +(2K T -4J, +T?K, )e 22 +(2J, -2K,T+T K, ) =0, (10)
and the equation of the boundary of the D-partitioning domain in the parameter plane K, is:

D(e”)=KH(e")-L(e"), (11)

where H (ej""): D(Nejw+l), L(ej""):Aejz’”+Bej’”+C, ng, N=e",

r

ne—em pof2 KT )er ¢ KT
J J

r r

From equation (11), and taking into account that e'” =cos@ + jsin@ , we obtain an
expression for determining the parameter K:

H(@) D(H,(@)+jH,(@))  D(H:(a)+H:(a))
L(@)H(@)+L(@)H. (@) _ [y
D(H (@) Hi(a)) V)

where L (@)= Acos2w+Bcosw+C, L,(@)= Asin2w+Bsino,

+]

H,(@)=N(cosw+1), H,(@)=Nsinaw.

The values of frequencies that correspond to the limit values of the parameter K, for
each predetermined value of the degree of stability # (0 < # < nma), are determined from
equation V (@) =0, i.e.:

L(@)H,(@)-L(@)H,(@)=0,

which, after elementary transformations, looks as follows:
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(2Acos@ +1+B—-CN)sin@ =0,

} L N-1-B
the solution of whichis @'=0, @" = arccosc—.

The boundary parameters K’ i K”of the stability segments for each value of # are
determined from the expressions:

0 (o) BOH )+ LOH, (0)
D(HF(0)+HI(0)
€U (o) - B H() L () Hy (o)

The flowchart of the algorithm for determining BRS in the plane of the parameter K, ,

and the degree of stability, which is nonlinearly included in the coefficients of the shifted
characteristic equation, is shown in Fig. 1.

' Start '

Entering the initial values
of parameters

Constructing the SR in
the plane of the parameter
and degree of stability

/ 0= Nonins +ver Nvax
AN

Determining
K,=U(w,.1,) Determining
@ = @), 0,,..., by solving

K,=Ulwo,.n
2 =Ulan) equationV (@) =0

yes

n < Nmax

Figure 1. Flowchart of the algorithm for determining the BRS

Fig. 2 shows the boundaries of the stability regions in the plane of the parameter K,
and the degree of stability for different values of the quantisation period (T =0,05 c,
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T =0,075¢c,T =0,1c). The values of the lower boundary of the SR correspond to the

frequency o' =0, and of the upper boundary to the values »" when # changes from 0 to #7max.
To validate our results, we determine the roots of the shifted characteristic equation for
one of the values of » =1 and T =0, 05 within the stability region (point C), on the boundary of

the stability region (point A), and outside the RS region (point B).

At point A, the value of the state sensor gain is K, = 9,496-10°, and the roots of the
characteristic equation are z,, =0,999989¢!*" | whose modulus is |z|~1,0. Thus, the roots
are located on a circle of unit radius, so point A is the boundary of the stability region.

At point B, the value of is K =10-10°, and the roots of the characteristic equation are
z=1,003¢""*", whose modulus is ‘;1,2‘ =1,003>1,0. The point B is located outside the

stability region and the system is unstable.
At the point CK | =0,9-10°, the roots of the characteristic equation ‘;1'2‘ =0,991e" /"

whose modulus is |z,,|=0,991<1,0. The point is located in the stability region for values
T =0,05 cand » =1and the system is stable.

Kp 6
x 10
14 \ l Y T T T T

6/

STABILITY REGIONS

o
(39
"

0 - : o
0 0.5 | 1.5

>
’”
N
N

Figure 2. Boundaries of the stability regions in the parameter plane KP and the degree of stability for
different values of the quantisation period

Conclusion. The problem of constructing the boundary of the stability region of a
discrete ACS in the plane of one of the parameters, which is linearly included in the coefficients
of its characteristic equation, and the transient quality indicator (degree of stability, degree of
oscillation or attenuation coefficient), which is nonlinearly included in the coefficients of the
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characteristic equation, is defined. The article presents the shifted and fixed characteristic
equations obtained for the construction of the above-mentioned BRS.

To solve this problem, the previously proposed approach of constructing the BRS in the
space of parameters is used, one of which is nonlinearly included in the coefficients of the
characteristic equation, and allows obtaining the stability region without constructing the entire
D-partitioning curve and special lines, while excluding the use of Neumark hatching.

An example of constructing the boundary of stability region of a digital spacecraft state
control system along one coordinate is considered.

The boundaries of the stability region in the plane of one of the parameters and the
degree of stability at different values of the other parameter, which is nonlinearly included in
the characteristic equation, are obtained.

The results of the present research can be used to construct the BRS of any digital system
that has at least one parameter that is nonlinearly included in the coefficients of the
characteristic equation.
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BU3HAYEHHA OBJIACTI CTIfIKQCTI B IVIOIIUHI ITAPAMETPIB
TA IOKA3HHUKIB AKOCTI JIIHIMHUX JTUCKPETHUX CUCTEM
ABTOMATHYHOI'O KEPYBAHHSA METO/IOM D-PO3BUTTAA

Jleoninx MoBuan; AnaroJiil Jlynenko; Bosionumup 3akopaoneusb;
Cepriii badok

Tepnoninbcokuu HayionanrbHuu mexHivHuu ynigepcumem imeni leana Ilynios,
Tepnoninw, Yrpaina

Pe3tome. Posensnymo numarns nodyoosu medxci obnacmi cmitikocmi (MOC) ouckpemuux RiHIUHUX
cucmem  A8MOMAMUYHO2O KePYBAHHA 6 MNIOWUHI napamempie cucmemu, 5Ki JiHIUHO 6X00amb 00
XapaxkmepucmuyHo20 pPIBHAHHSA, MA NOKA3HUKIE SAKOCMI (CMyneHs CMIUKOCmi, CMyneHs KOAueHocmi, aboo
Koegiyicuma 3aeacanns) memoodom D-poszoummsa. IIpedcmasneno posmiujeni ma Qikcosani xapakxmepucmuuui
PDIGHAHHS, KT BUKOPUCTNOBYIOMbCSL NpU N00OY008L Modeli obnacmi cmitkocmi 6 061acmi napamempis i NOKA3HUKI8
saxocmi. Tlokazano, wo NOKA3HUKYU AKOCMI HENHIHO 8X00mb 00 KOeIyicHmie XapaKkmepucmuiHo2o pieHsHHS,
momy nobydosa obnracmi cmiukocmi kaacuuHum memooom D-pozbumms nemoowcnuea. Poszensinymo nobyoosy
MoOeni obnacmi cmiukocmi yugposoi cucmemu KepyeanHsi CMAaHOM KOCMIYHO20 KOpaOisi NO OOHIl KOOPOUHAMI 8
NIOWUHI napamempa cucmemu ma cmynens cmivkocmi. Lla obnacms cmiiikocmi ompumana, UKOPUCMO8YIOYU
PpaHiue 3anponoHoBany asmopamu Memoouxy nobyoosu ooaacmi Cmitikocmi 8 nioOWUHi 080X NApamempis, 0OUH
3 AKUX HeIHIUHO 6X00Uums 00 KoeQiyicumie piensanns cucmemu. Ilpu ybomy exnrouaemocs no6yoosa ciei kpugoi
D-posoumms, ocobausux npamux i euxopucmanns wmpuxosku no Heiimapk., a maxooc 3abe3neuyemuvcs
Komn tomepua peanizayis nodoydosu MOC. Ompumane cimeticmeo medxc oOracmell CMIIKOCMi 8 NIOWUHL
napamempa ma NOKA3HUKA CMYNeHs CMIUKOCMI Npu pI3HUX 3HAYEHHAX [HW020 Napamempa cucmemu, sKuil
HeNHIIHO 6X00Uumb 00 KOeQiyicHmie 3MiUeH020 XAPaAKMepUCmu4Ho20 PIGHSAHHS, 0036015€ OYiHUMU, a O
3Hayenv napamempis Ha cimeticmgi MOC, eusHauumu NOKA3HUKU AKOCMI nepexioHoco npoyecy. [na
niomeepodicenHss 00CMOBIPHOCNT OMPUMAHUX Pe3YTbmamie 01 O00H020 3i 3HAYeHb CMYNEHs CHMIUKOCmi
BU3HAUEHO KOPEHI XApaKmepucmuuHo2o pIGHAHHA 8 Medcax obnacmi cmiukocmi ma 3a medicero obracmi
cmitikocmi. Tloxazano, wo mednci obracmi cmitikocmi, 8i0nogioac xapaxmepucmuune piGHAHHA, KOPeHi K020
PO3MIWeHi Ha KO 3 OOUHOYHUM PAOiyCOM. 3HAYEHHAM NaApamempis, Wo 3HAX00AMbCA 8 00acmi CMIUKOCmi
8i0N06i0AIOMb KOPEHi XapakmepucmuyHo2o pPIGHAHHA, MOOeli AKUX MeHwli odunuyi (cucmema cmiika), a
SHAYeHHAM napamempie 3a medxceio 0Oracmi CMIUKOCmi 6i0n0gioaroms KOpeHi 3 MOOyaAMU, OLIbuwUMU 34
OOUHUYIO, WO XAPAKIMEPHO OJi1 HECMIUKUX CUCTHEM.

Knruosi cnosa: D-pozoumms, mesica obracmi cmitikocmi 6 NIOWUHI NAPAMEMpPI8 NOKA3HUKA AKOCHI,
XapakmepucmuyHe pigHsHHS.
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