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Abstract. Our work is devoted to the problem of modeling residential electricity consumption based
on time series formed by sequential values of metering devices related to smart-grid technologies. Residential
consumption is an important component of the overall energy system. The study of this component is of
particular importance in our time of epidemics, the spread of remote types of work, and increased dependence
on Internet technologies. Mathematical models for the nature of consumption that allow us to identify
patterns, to identify similarities in such patterns would be extremely useful for the tasks of short-term
forecasting and demand prediction, and for ensuring the stability of the functioning of the energy supply
system as a whole. We note that there is a special need for models that use only data from smart-grid devices,
without involving other types of data, such as the number of inhabitants, income, area of the dwelling, and
others, for remote monitoring based on current data. In the works [1] and [2], the coefficient of similarity
and the coefficient of auto-similarity were first introduced to describe the nature of consumption, identify
possible patterns and measure the stability of these patterns, to determine cases when such patterns do not
exist. The cited works on real data demonstrate the effectiveness of these coefficients for monitoring
consumption, and the results obtained are an achievement in the field of energy. At the same time, these
works do not contain the study of these computational structures from the point of view of applied
mathematics, since this is beyond the scope of energy science. This work is devoted to filling this gap. In our
work, some properties of the coefficient of similarity and the coefficient of auto-similarity associated with
the use of the correlation approach have been established, and the recognition ability of the coefficients for
fixed data has been studied, compared with the Szekely’s coefficient of the distance correlation) (/3]
and [4]). The testing of this technology has been performed on data obtained by the project [5].

Key words: the coefficient of similarity, the coefficient of auto-similarity, modelling, residential
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1. INTRODUCTION

The overall goal of our research is to build a mathematical model of residential
electricity consumption based on time series of consumption indicators for the purpose of
detailed study of individual consumption graphs, and to develop measurement technology for
classification tasks.

Residential consumption is an important part of total electricity consumption.
According to Eurostat, in 2023, household electricity consumption accounted for 26.2% of total
consumption in the EU ([6]). In the U.S., this proportion is about a third ([7]). While industrial
consumption is more predictable due to production and technological reasons, residential
consumption is extremely diverse. Different users differ in their electricity consumption, and
even the same household does not repeat its consumption figures exactly from one day to the
next. Identifying patterns in consumption, identifying similarities, and classifying individual
consumers is a challenge, and developing approaches for such modeling is an ambitious task.

Household electricity consumption depends on factors such as the nature of residents’
activities, work schedules, the presence of minors, the set of electrical appliances, income, area,
and even behavioral habits, etc. A new factor influencing private consumption is the charging
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of electric vehicles ([8]). Some of these factors are independent, some are directly or indirectly
dependent. Such data are generally unavailable. Whereas data obtained from modern metering
devices that provide detailed recording of consumption — the so-called smart-grid systems — are
available (a review of these technologies is devoted, in particular, to the work [9]). The spread
of smart metering technologies has given impetus to research into electricity consumption and
stimulated the development of mathematical modeling of behavioral patterns of individual
consumers. Publications [10] and [11] are examples of such research. In particular, clustering
of observed series is carried out and averaged patterns are formed for these clusters. Clustering
techniques, regressions, adaptive machine learning algorithms and their modifications are used
for consumer grouping and demand forecasting ([12], [13]). The authors of [14] indicate that
«Research on Data Analytics in the electricity sector is growing faster than related fields of
researchy.

The input data of the research are indicators that are recorded at the same time
interval (say, one hour), forming a sequence of values, which is mathematically a time
series. From the point of view of energy scientists, computational technologies based
exclusively on these time series are appropriate, this would make it possible to predict,
classify, compare consumers, that is, to study problems in the field of marketing and energy.
Such approaches are relevant for the general problem of consumption in energy, and not
only for electricity. In [15], periodic empirical series in the field of gas supply are studied.

In the noted works, the problems of pattern identification and classification are
considered, but these models are not developed to the level of formal metric spaces with a
metric introduced on them. A certain step in this direction is the works [1] and [2], where the
similarity coefficient for two different consumption series and the self-similarity coefficient for
one series are introduced, which is a measure of how much this series repeats the nature of
consumption over successive periods are considered. In these works, a modified correlation
approach was used, since the traditional application of Pearson's pairwise correlation turned out
to be insufficient.

In our problem, the input data is a set of time series, each of which represents a
household. These series can be of different lengths and correspond to different time periods.

Let X={xi, i=1, 2, ..., 24n} ta Y={yi, i=1, 2, ..., 24m} be time series of consumption
readings corresponding to two households, with the first of them observed for n days, and the
second for m days, 24 corresponding to the number of hours in a day. Let us assume that the
values are synchronized by i, i.e. 1= 1, 25, 49 and so on correspond to the first hour of the day,
and in the same pattern the other values. It is necessary to compare these two time series for
similarity in a certain sense. In the case of the same length of the series and complete
synchronization in time, one could traditionally use the Pearson correlation coefficient, but
these conditions are not met in our case. For example, we need to compare series that refer to
different seasonal time intervals, here it is clear that winter and summer trends are different,
and patterns during the holiday period are also special. Therefore, a direct appeal to Pearson
correlation, as in autoregressive models, is unsuitable for our purpose.

The coefficient, which is a measure of similarity between two numerical sequences, is
called the coefficient of distance correlation (or «energy statistics»), and was proposed by
Gabor Szekely in 2008 for problems of our type ([3], [4]). This coefficient can take values in
the range from 0 to 1 as the similarity measure increases. This coefficient is integrated into the
«Energy» package of the R programming language ([16]).

Example 1.

The first step of our study was to test the capability of this technology for a specific set
of real data. Having at our disposal real observation data of Swedish households, we selected
five time series corresponding to the consumption indicators of five apartments during a month
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with an interval of one hour, we will conditionally label these series A, B, C, D, E. Using the
«Energy» package of the R language, we calculated pairwise distance correlation coefficients,
which are given in Tab. 1.

Table 1

The distance correlations of Gabor Szekely for households A, B, C, D, E

Households
A B C D E
A 0.989 0.987 0.980 0.946
B 1 0.986 0.984 0.940
C 1 0.993 0.972
D 1 0.949
E 1

As we can see, all the obtained values are close to 1, which means strong similarity. Our
attempts to detect a pair of weakly similar series on other data were also unsuccessful. In our
opinion, this coefficient does not allow us to clearly demonstrate the similarity measure for our
data. Perhaps the general patterns of daytime activity versus nighttime activity and the
traditional daily routine provide such a «similarity» of these time series that this measure is
insensitive to such data. Therefore, there is a need to develop computational recognition
technologies for data of the appropriate scale.

2. DATA

The calculations were based on real-world data from a survey of 400 Swedish
households in 2008 ([6]). The study involved households of various types and sizes. For some
cases, the observation period was one month, for others, one year. The households are
represented by time series of electricity consumption, which for our study were converted to
one-hour series.

3. METHOD

In [1] and [2], it was first proposed to use the coefficient of similarity as a measure of
similarity for two periodic time series, and the coefficient of auto-similarity as a measure of
stability for one time series.

Let X and Y be time series with the same period p (in [1] p = 24, which corresponds to
24 hours in a day, but in this paper we will use a more general formulation of the definition
with an arbitrary p). The series can be represented in the form of matrices of dimensions n x p
and m x p, where n and m are the number of observation periods for the two series from X and
Y, respectively.

Then each of the series can be divided into fragments of length p and presented
as a matrix with p columns, placing successive fragments one under the other:
X = (xij),i =1,n,j=1,p.

Let x;, (i=1, 2, ...,n) and y; (j= 1, 2, ..., m) be vectors whose elements consist of the
elements of the corresponding rows of matrices X and Y, each of which has length p. Then
X=xiT, x" ., xa)and Y = (yi', y2', ..., ym)).
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For the coefficients of similarity and autosimilarity, we use the following definitions
from [1].

Definition 1. The coefficient of similarity for periodic time series with the same period
X and Y is the value

T(X,Y) = " ﬁﬁcor (x0, 7)) (D

i=1 j=1

where x; = (xik, k = ﬁ) and y; = (yjk, k = ﬁ), p is a period; n and m are the numbers is
the number of fragments of length p in the series X and Y, respectively;
cor(.,.) is the Pearson correlation coefficient.

Definition 2. The coefficient of autosimilarity for a periodic time series X is the quantity

T(X) = T(X,X). (2)

The coefficient introduced by formula (1) is the geometric mean of the pairwise Pearson
correlation coefficients for all possible pairs (xi, yj)(i=1, 2, ...,nTaj =1, 2, ..., m). The series
are assumed to be synchronized in phase by the period. It is also assumed that the series have a
total length that is a multiple of p.

Theorem 1.

The coefficient defined in (1) has the following properties:

1. VX, VY 0<T(X,Y) < 1;

2. VX, VY the coefficient T(X,Y) is symmetric with respect to X and Y: T(X,Y) =
T(Y,X);

3. VX, VY the coefficient T(X,Y) is defined up to permutations between x; (i=1, 2, ...,
n) and between y;(j=1, 2, ..., m);

4. if there is a permutation between x; (i =1, 2, ..., n) or between yj(j =1, 2, ..., m)
such that Y takes the form of multiple repetitions of a fragment that is proportional to X, then
TXY)=1;

5. In the case where both matrices X and Y consist of rows that are repeated
T(X,Y) = |cor(xy,y1)l;

6. VX0LKTX) < 1.

Proof.

1. By definition T(X,¥) =""||[T%, [T7, cor (x;y;)

, therefore T(X,Y) =

oy T |cor(xi, p5) |-

The resulting value is the geometric mean of the values that are the absolut values of the
correlation coefficients. The modulus of the correlation coefficient is in the interval [0; 1]. Since
the geometric mean does not exceed the arithmetic mean for an arbitrary set of numerical
values, and the arithmetic mean does not exceed the largest value from this set, it follows that
0<KTXY) 1.

2. The symmetry of the coefficient T(.,.) follows from the symmetry of the correlation
coefficient.

3. The commutativity of the multiplication operation ensures the fulfillment of property 3.

4. The proof of this property follows from the fact that the coefficient of Pearson
correlation is 1 for proportional vectors, and multiple repetition of the same fragment in the
series Y does not change this value.
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Remark. Property 4 also holds if X and Y are interchanged in the formulation.

5. In the case when both matrices X and Y consist of repeating rows, all root factors
coincide with cor(x1,y1), therefore the indicated equality is fulfilled.

6. The proof of property 6 follows from property 1.

Let us consider the application of these coefficients to the time series used in Example 1.

Example 2.

For the time series A, B, C, D, E used in example 1, the values of the coefficients T(.,.)
and T(.) were calculated for the specified period parameter p =24 * 7 =168, i.e. the component
vectors were synchronized by weeks (168 hours per week). The period 168 was chosen for the
following reasons: when comparing weeks, one can expect a stronger similarity in the nature
of consumption than when comparing working and weekend days.

Table 2

The coefficients of similarity and the coefficients of autosimilarity (on the diagonal)
for households A, B, C, D, E

Households
A B C D E
A 0.671 0.459 0.563 0.496 0.302
B 0.686 0.573 0.486 0.332
C 0.796 0.603 0.424
D 0.586 0.241
E 0.604

Tab. 2 presents the calculated values of the coefficients T(.,.) (the values of T(.) are on
the diagonal, which means the case X = Y). Calculations on the selected data show that the
coefficients T(.,.) and T(.) are sensitive enough to distinguish similarities of different degrees.
Already for these 5 households there is a spread of the values of the similarity coefficient from
the smallest value T(D,E) = 0.241 to the largest T(B,C) = 0.573. The autosimilarity coefficient
is also different, here it has a spread from T(D) = 0.586 to T(C)= 0.796. That is, unlike the
distance correlation coefficient used in example 1, the use of the similarity coefficient (1)
provides better opportunities as a measure of similarity between these time series.

4. DISCUSSION

The use of the coefficient of autosimilarity allows us to measure how stable the
consumption pattern (mode) is for an individual household. The value of the coefficient reflects
the extent to which it is possible to speak of the presence of a certain pattern for a fixed
consumer. Small values of the coefficient of autosimilarity indicate that consecutive periods do
not provide similarity in the consumption schedule, and therefore this case is poorly suited for
forecasting, in contrast to cases with high coefficient values. Our study, which has a
methodological focus, substantiates the suitability of the both coefficients for use in household
electricity consumption analysis tasks.

5. CONCLUSIONS

The paper defines some properties of the coefficients of similarity and autosimilarity
that follow from the mathematical construction of these quantities. Attention is also paid to the
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testing of the coefficients on real data. The results obtained indicate the effectiveness of the
coefficient of similarity as a measure of similarity for two synchronized periodic series.

The coefficient of autosimilarity is used to measure the stability of one series. This
coefficient is appropriate to use to find out whether an individual consumer demonstrates a
sufficiently stable consumption pattern so that any pattern can be attributed to him at all.

In this work, we limited ourselves to testing the coefficients on a small number of
examples, since the subject of the study is the modeling technology itself, and not the results in
energy science.

This methodology contains potential opportunities for research in the energy industry.
For example, by changing the period p from 24 (day) to 24*7 (week) and 24*30 (month), the
range of tasks can be diversified. The stability measure actually introduces another dimension
into the model, which can be taken into account in classifications.

We believe that the developed technology can have practical applications for analyzing
data such as empirical periodic time series, in particular, for marketing tasks.
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Bonuncoxkuu nayionanvnuil ynisepcumem imeni Jleci Ykpainku, Jlyyox, Yrpaina

Pestome. Pobomy npucesueno npobiemi MOOEMOBAHHS CHOICUBAHHS eNleKMpOeHep2ii npusamHumu
00M020CN00aPCMEAMU HA OCHOBL HACOBUX PS0L8, YMEOPEHUX NOCTIO0GHUMU 3HAYCHHAMU 0ONIKOBUX NPULAOL8, SIKI
giOHOCAMbCSL 00 smart-grid mexnonoeii. Enexmpocnodicusants 00M0o20Cno0apcms € axdCIusor CKIA0080I0
3a2anbHol enepeemuutoi cucmemu. Jlocniodicenns yiel cknadosoi Habyeae ocobausol sazu y Haut 4ac enioemit,
nowuperHs 8I00aNeHUX 8UOL8 POOIM, NOCUNLEHHSL 3ANIeHCHOCMI 810 IHmepHem-mexHo02il. Mamemamuyni mooeni
xapaxkmepy CHONCUBAHHS, SKI 00360510Mb GUAGTAMU WAOIOHU, BUAGTAMU NOOIOHOCMI MAKUX wabnouie oyau O
HAO36UYAUHO KOPUCHUMU OISl 34044 KOPOMKOCMPOKOBO20 NPOSHO3YEAHHS | nepedbauenuss nonumy, ma Ojs
3abe3neyenns cmabitbHocmi PYHKYIOHYS8AHH CUCMEMU eHep2o3abe3neyents 8 yinomy. 3aysancumo, wo icHye
ocobausa nompeba 6 MoOesix, K GUKOPUCTNOBYIOMb e OaHi Smart-grid npunadis, ne 3anyuaiodu iIHu020 muny
Oanux, SIK KLIbKicmb dfcumenis, 00Xi0, Miowja NOMEWKAHHS Ma [HWUX 015 6i00aNeH020 MOHIMOPUH2Y 3a
nomounumu Oanumu. Y mpaysx [1] i [2] 6yro 3anpononosano roegiyicum nodionocmi (the coefficient of
similarity) ma xoeghiyienm asmonoodibnocmi (the coefficient of auto-similarity) ons onucyseanHs xapakmepy
CHOJICUBAHHSL, BUSIGNIEHHSL MOJICTUBUX WAOIOHIE MA GUMIDIOBAHHS CMADIILHOCME WAONIOHIE CRONCUBANHS, OISl
BU3HAYEHHSL 6UNAOKI6, KOIU MAKI Wabionu He ichylomb. Llumogani pobomu Ha peanvhux OaHux OeMOHCMpPYIonb
ehexmuenicmob yux Koediyicumie 0151 MOHIMOPUHSY CHONCUBAHHS, A OMPUMAHI Pe3VIbmamu € NeGHUM
QocsicHeHHAM Y 2any3i eHepeemuku. Boomouac yi pobomu ne micmamb 6uSUeHHSI YUX OOYUCTIOBATLHUX
KOHCMPYKYIU 3 MOYKU 30pY NPUKIAOHOI MAMEeMAmMuKy, OCKLIbKU ye pobomu 6 2aiy3i eHepeemuyHOi HAyKu.
3anoenennio yiei npoeanunu npucesuena oama poboma. Bcmanoeneno Oesiki enacmugocmi Koeghiyienmig
noodibnocmi ma asmonoOdiOHOCHI, NOG SI3aHl 3 GUKOPUCMAHHAM KOPESYitiHo20 NiOXody, Npomecmo8aHo
PO3NI3HABANBHY 30amHICMb Koeiyienmie 0ist (hiKkcosanux 0anux, nopieHsHo 3 koepiyicnmom inmeepayii Lllexni
(the distance correlation) [3], [4]. Anpobayis danoi mexnono2ii 6UKOHAHA HA OAHUX, OMPUMAHUX NPOEKMOM 3
Odocniocents enekmpocnodscusants 01 400 weedcvkux domococnooapems ([5]).

Knwouosi  cnosa: roegiyicnm  nodibnocmi,  xoegiyieum — agmonooibHoCmi,  MOOemOBAHHS,
ENeKMPOCNOANCUBANHS OOMOLOCROOAPCME, CIMAMUCMUYHULL AHANI3, Kopeasyis, smart-grid, kiacugixayis.
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