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Abstract. This study examines the problem of plane strain in a crack between two isotropic, linearly
elastic layers, one of which is rigidly fixed. The Fourier integral transform method was applied, reducing the
initial system of differential equations to a system of ordinary differential equations. A system of singular integral
equations (SIE) was constructed to satisfy the boundary conditions of the problem. By discretizing this system, it
was further reduced to a system of linear algebraic equations (SLAE).

Analytical expressions were obtained for the crack opening and stress distribution along the interface,
allowing the calculation of the energy release rate (ERR) at the crack tips. A numerical illustration of the results
was conducted, including graphs of crack opening and stress dependence for various layer thicknesses and
Young's moduli.

Comparison between analytical and numerical solutions, obtained using the finite element
method (FEM), showed good agreement for the case of a microcrack with variable characteristics of the thin
coating and the lower layer. A significant influence of the coating thickness on the energy release rate was
identified.

Key words: microcrack, stress-strain state, singular integral equations, energy release rate, crack
opening.
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1. INTRODUCTION

In modern materials science, where thin films and overlays are widely used to
reinforce and protect structures, the reliability of connections between such coatings and
base materials remains a crucial aspect. These connections often suffer from microcracks at
layer interfaces, which can compromise the integrity of the structure and reduce its
operational performance. Microcracks at the boundary between two thin strips or a strip and
an overlay become critical as they serve as zones of concentrated stress, which promotes
further material degradation. Understanding the deformation behavior and the impact of
microcracks at these interfaces is essential for predicting the reliability of complex
multilayered systems.

Investigation of cracks forming at the fixed edges of thin strips is of particular
interest, as such defects can cause local stress distribution changes, affecting the stability
and strength of the structure. Analyzing the interaction between a thin strip and an overlay,
taking into account the presence of a microcrack at their connection, deepens the
understanding of micro-level fracture processes and helps develop approaches to prevent
them.

Many studies have examined cracks between two materials, with recent publications
focusing on different types of stress-strain states, materials, loading conditions, and crack
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geometries [1-5]. Studies on cracks in homogeneous and heterogeneous strips are especially
notable. In particular, work [6] analyzes the stress-strain state of three heterogeneous
materials with internal and interphase cracks. Crack investigation in a nonhomogeneous
medium with a constant Poisson's ratio and an exponentially varying Young's modulus is
covered in [7], while [8] explores cases where one material has nonhomogeneous properties
in the interaction zone. Study [9] examines a central crack in an infinite strip under internal
pressure and concentrated forces at its edges. It is important to note that these studies
primarily address internal and interfacial macrocracks. Interaction of an electrode with an
electrically conductive interface crack was considered in [10] and an analysis of pre-fracture
zones for an electrically permeable crack in an interlayer between piezoelectric materials has
been performed in [11]. The works [12—14] are devoted to the study of cracks and contact
problems taking into account the elastic-plastic behavior of materials.

This work focuses on the stress-strain analysis in the zone of a microcrack at the
boundary between two isotropic layers of different thicknesses, with one layer rigidly fixed.
This analysis provides essential information on the deformation behavior of multilayered
structures with cracks, which can improve designs of structures including thin films and
overlays under different mechanical loads.

2. EXPERIMENTAL METHODS

Consider the problem of plane deformation of a crack |x| < b between two isotropic, linearly
elastic, infinite layers of thickness 4, and £, , with the lower layer rigidly fixed y = —A, . The crack

is assumed to be open due to uniform internal pressure p, applied to its edges (Fig. 1).

Figure 1. The geometry and load of the problem

To solve this problem, it is necessary to solve a boundary value problem, which is
described by a system of second-order partial differential equations po

: 2u. 0O Gu(i)(x y) ﬁv(i)(x y)
A% (x, i i 2/ 1=0,
AT (e y) K, —1 ox ax oy M
, 2u. 0 éu(i)(x y) v (x,»)
. A2 ) ) o - : : =0,
AV () K, —1 Ox Ox " Oy @

where y, and v, are the shear modulus and Poisson's ratio, respectively, i =1, 2,
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3—4v, —for plane deformation,

K, =33-v,
- — for the plane stress state.
I+v,

1

The boundary conditions due to symmetry, can be written as:

eV (x,h)=0,0<x<0o, 3)

o\ (x,h)=0,0<x <o, (4)

6v(2)(x,—h2)203 au<2>(x,—h2)zo’ < )
ox ox

o\ (x,0)=0"(x,0), 0<x <0, (6)

W (x,0)=0" (x,0)=0, 0<x <bh. (7

Applying the Fourier integral transforms to equations (1) and (2):

Iu x,y)sin(ax)dx, v(a,y :Iv x,y)cos(ax)dx,
0 0

we obtain a system of ordinary differential equations. After finding the general solution of this
system and applying the inverse Fourier transform,

—EJ. (a,y)sin(ax)da, v(x,y)= 2jv(a,y)cos(ax)da,
7[0 7[0

we will have

) _2@ ~ay ay ]
u (x,y)-ﬂ![(Al+Bly)e +(C,+Dyy)e ]sm(ax)da, (8)
v(l)(x,y):z]g[(Al+(£+yj31]eav [ -C, +(k yJDl)e“y}:os(ax)da, 9)
T a a
u (x,y)= gT[(AZ +B,y)e ™ +(C, +D2y)e"y}sin(ax)da , (10)
7

0

v(”(x,y):%H(Aﬁ(%wJBj ”y+(—C +(%_ijj “y}COS(aX)daa (an

where 4,, B,, C,, D,, 4,, B,, C,, D, are unknown constants.
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Using the equations (8)—(11) and applying Hook’s law we obtain

0

Ti;)(x,y)z%f{[_a(A1 +Bly)_Bl K1;1:|€ay +
0

j{a(Cl +D,y)-D, Klz_l}e“y}sin(ax)da =0,
4y . (12)
K, —1] .
Tii)(x,y):%.([{{—a(/lz+Bzy)—B2 22 }e Y4
=11 .| .
+l:a(c2+D2y)—D2 }e }}sm(ax)dazo,
0'(1)(x,y)=ﬂ]i —a(A4,+By)-B LY e+
»wy T O 1 1 1 2
j{—a(q+D1y)+D1HTK1}e““V}cos(ax)da:O,
4q, ¢ 1 (13)
+5, | .,
Gfi)(x,y):%:[{—a(/lz+Bzy)—Bz 5 z}e Y+
j{—a(Cz+D2y)+D21+TK2}e”}cos(ax)da:O.
Let us introduce the unknown functions
P ) 0) o (2) 0 P 1 0) o (2) 0
fi(x) =2 (:0) a7 (x0) ) 8T (x0) 2T(0) pog ey (4

ox ox ox ox

Then, by satisfying the boundary conditions (4)—(6) and equation (14), using (8)—(13),
and applying the inverse Fourier transforms to the resulting equations, we arrive at the
following system of linear algebraic equations with respect to where 4,, B,, C,, D,, 4,, B,,

C,, D,:

o K—-1) _, » K-1) ,
—ae h‘A1+(—ahl— ! Je "B +ae h‘Cl+(ahl— 12 je "D =0,
+1 +1 P
_ae—ahl Al + (—ahl _ K Je—ahlBl _ aeahlcl + (_ahl + K'12 Jeathl = 4—cos(aa) .
Hy

ah, _ ah, —ah, _ —ah, _
e A4, —he"”B,+e “"C,—he "D, =0,

e A + (ﬁ —h, j e B —e"C, + (ﬁ —h, J D, =0,
o (04
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-1 -1 -1 -1
—aKA-K5 B 1 akC -5 2KD vad, + 52 B —aC,+ 22D, =0,

2 2

1 =
A1+C1—A2—C2=;f1(06),
1 —
A+5B-C+5D -4, -"2B,+C,-22D, =—F, (),
[04 04 o o o

where

K =2 7 (a)=] £ (x)sin(ax)dx, 7 (a)= [ f; (x)cos(ax)dx.

H, 0 0

The solution to this system was obtained using the computer algebra system Wolfram
Mathematica 13.1, and based on it, the expressions for the stresses along the interface were
found in the following form:

0

r)(;) (x,0)= %j[Hn (0{)/71 (a)+H, (0{)]72 (a)]sin(ax)da ) (15)
o8] (10)= 24 [[ 11, (a) )+ H () () eos () der (16)

0

where the functions H, () are provided in the appendix.

By evaluating H; = H, (a) at a — oo, we can rewrite expressions (15) and (16) as:

o (7
+ﬁJ‘[Hf‘l’fl(a)+Hﬁfz(a)]sin(ax)da,
z 0
o (x,0)= 4 ([ 7, (a) 7. (a) + s () Fs () oo (ax)dar+
T 0
(18)

where

~ w w " 1+K+x +x,K
Hij(a)zHij(a)_Hij  Hyy=Hy =~ AI :
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Hf=HS = I_K_ZI+K2K, A=2(K+x)(1+5,K).

Considering the following integral formulas:

J.e'””‘sina(xiy)da— for n—0,
0

x+y
Jf, (t)?sin(at)sin(ax)dadt = %fl (x),i=1,2,

and taking into account the symmetry relative to the axis y, the expressions for the stresses (17),
(18), can be represented in the following form:

o0

Ti;)(X,O):%j;fl( )jf[ )[—sina(t—x)]dadt+

0

(19)
2 b 0 B 1 b
+ﬁJ-f2(t)jH12 (a)cosa(t—x)dadt —2/11[ o f(x )}
T 5 0 ‘7 b
aii,)(x, _[ I Jeosa (t—x)dadt —
- 0
1 b
2ul[ i (x — j } (20)
72- -b
ey (t)TIEI (a)[sina (¢ —x) Wadr
T 2 22 ‘
b 0
Introducing the designations:
J. ysina (t—x)da , M, (x,t)= I[:[n (a)cosa(t—x)a,
0 0
I Jeosa(t—x)da, M, (x,t)= Iflzz(a)sina(t—x)da,
0 0
formulas (20) can be written in the following form:
tW(x,0)  HZ L f(t 1 1 21)
v (%0)__Hj jfl( )dt+H1°§f2(x)——jfl(t)M“(x,t)dtJr—jfz(t)Mlz (x,0)dt,
24, roc,t—x e, T,
" (x,0 e b f(t 1 15 (22)
%z—ngfl(x)—i.[fz—()a’t+—.[fl(t)MZI(x,t)a’tJr—Jlfz(t)M22 (x,0)dt .
M T, t=x T, T,
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Satisfying further the boundary conditions (7), we arrive at the following system of
singular integral equations:

—H—:jmdl‘ H;;fz (x)—%Ifl(t)Mn(xJ)dt_’—iJAfZ(t)MlZ (x’t)dt :0’ (23)

Tt t=X
. Hy ¢ fo(1) 17 1 Py
_H21f1(x)_7__[):dt+;£ﬂ(t)M21 (x,t)dt+—:[)f2(t)M22(x,t)dt=2—M. (24)

The additional conditions for this system are as follows:

b

jﬁ(t)dtzo,i/g(z)dzzo. (25)

-b

The solution of the system (23), (24) has an oscillatory singularity near the crack tips, but
according to [15], for determining the global fracture parameters and the energy release rate (ERR),
the oscillation can be neglected, and the solution of this system can be found in the form:

-

Substituting (26) into (23)—(25) and transitioning to the interval [—1, 1] using the

substitution x = br, t = bs , we obtain:

,i=12. (26)

_fof.i‘ v (s )dS Hiys (r) ﬁj‘{Mn(x 1) Vi (s) - M, (x.t) W;(S)}dtzo’ 27)

T ,](S— )\/ \/l—r Tz

H;‘//l*(r)_szzl Vs (s)ds +£J[M21(x,t)%*(S) +M22(x>t)w;(5)}dt:&’ (28)

B \/l—r2 T _l(s—r)\/l—s2 T

where y, (s) = £, (bs), w, (s)= £, (bs).
Consider the equations (27), (28) at the nodes 7, = cos(%j, i=1,..,N—1, and apply

the Gauss-Chebyshev quadrature formula for calculating the integrals:

j Vi (s) oo

7[
ﬁ"’ . (50)s (30)

1 1- S

2k -1
where s, =c0s( ﬂ), k=1,..N
2N
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we arrive at the system:

0 W* i HOO Y , k
- 1(’")_ 2 ZWZ(S/
\,/1—1”].2 N ‘& s, -,

b & . s p
_Z[le (xwtk)‘//l (Sk)+M22 (xi’tk)‘/’z (Sk)} =, (31)
N3 2u
where x, =br,, t, =bs,, i=1,..,N—1.

Since the nodes 7, are between the nodes s, and s,,,, we find v, () through v (s,)
and v (s,.,) using linear interpolation:

(rk_sk+1) *

Vo (S/c)+(rk _Sk)

S~ Skn S — Sk

v, (rn)= Vo (S0), m=1,2. (32)

Substituting (32) into (31), we obtain:

%Z () M { Ui =) e )+5,m(’"“sk)w;<sm)}—

k=1 ,-b A/: 1\/1 rk Sk = Ska Sk Sk (33)
_ﬁ I: 1 xmt Vll*(sk)+M12(xi7tk)l//;(Sk):l:O'
N }lOO Ve = Sks ® Iy =S * HOO 4 !//* S
_Z 212|:5i’k(k k 1)W1 (Sk)+§i,k+1er//1 (S/m)}_ 222 2(k)+
k=1 [l =7, Sk T Ska Ske1 TSk N ‘S s, —r (34)

b & . )
+NZ|:M21(xi’tk)l//1 (Sk)+M22 (xi’tk)‘;”2 (S/c):| :&5

where ¢, are the Kronecker symbols, i =1,...,N—1.
Applying the quadrature formula (30) to the equations (29), we obtain:

Z%*(Sk)=0721//§(5k)=0~ (35)

Equations (33)-(35) represent a system of 2N linear algebraic equations with 2N
unknowns " (s, ) and v, (s,) (k=1,2..,N).
After solving the system, we obtain:

_ S (bsk)

S (bsk)_ b\/’l—T

,m=12; k=1L..,N.
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Then, based on (14), the derivatives of the displacement jumps £, (x) and f, (x) at the

upper and lower crack faces, are found. Using further the formulas:

<u(x,0)>:jibfl(x)dx, <v(x,0)>:j:f2(x)dx, (36)

the displacement jumps:

<u (x,0)> =u (x,O)—u(z) (x,O) and <v(x,0)> =y (x,O)—v(z) (x,O)

are determined.
To find the stresses, we use the formulas (21) and (22). However, considering that
f,(x)=0 for x & (-b,b), they take the following form:

0 w b b b
o 00 HL PR LT o (e L A0 b (),
T T,

24, o t—x b

1) 0 o b b b
2o (00 1 By L ar (i [ 7 (00 (e, xe(~b.b).
24, T C t—x T”®, T3,

Performing an analysis similar to the outlined above, we arrive at the following
formulas:

0 © N g% N
T, (x,O) z—[]{\;l Zl//l (Sk)—%;l:Mn(xatk)l//l* (Sk)_MIZ (x,tk)l//; (Sk)] 5 (37)

2u k=t Sp =T 1

0, (x0)  H
24, N

Zl/jsi - i[ ‘//1 (Sk)+M22(x 4 )V/;(Sk):" (38)

k=1 k:l

where x & (-b,b), r=x/b.

According to [15], the energy release rate G during the crack propagation can be
calculated by the formula:

G ﬂ-blul KZ

K +1 (39)

where K = \/[fl (b)]2 + [f; (b)]2 :
3. RESULTS AND DISCUSSION

Numerical illustration of the obtained solution was carried out for a microcrack with a
length of 2 um and different thicknesses of two infinite layers in the range from 0,5 um to
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10 pwm (Fig. 2, 3). Additionally, it was assumed that v, =v, =0,3, the Young's modulus for

2

each layer varies within the range from 2,210 N/um® to 26-10> N/um’ and internal

pressure p, =107 N/um’ .

Figure 2. Crack opening at:
a) b =0,9-10 um , h, = 10 um (E, =0,026 N/ um* , E, =0,022 N/ um* )
b) b =10 um , h, = 0,5-10 um (E, = 0,026 N/ um* , E, =0,022 N/ um* )

1) L 1a=8 ar 2 17 .. 2
g (x.0)-107, Nfum 00012 | &% ( % 0)-107, Nfum
0,002 - : : /! - i ’ J&
0,001 \
0,0015 0,0008
0,001 0,0006
0,0004
0,0005
0,0002
0 0
1 1,2 1,4 1,6 1,8 2
X, ‘1'.'1?1'
—_ =10 e 0,9 0,5
a) b)

Figure 3. The stress at the extension of the crack at:
a) b, =0,5-10 um , h, = 10 um (E, = 0,026 N/ um* , E, =0,022 N/ um* )
6) b =10 um , by, = 0,5-10 um (E, =0,026 N/ um® , E, =0,022 N/ um* )

It should be noted that as the thickness of the upper strip decreases, a significant
increase in the crack opening and the energy release rate is observed (Table 1). On the
other hand, when the thickness of the lower strip decreases, a significant change is
observed only for thicknesses smaller than 0.5 um, which may indicate that the crack
opening values are approaching the possible limit for the applicability of linear elasticity
theory.
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Table 1

The change in the energy release rate

The thickness | The thickness | ERR-10® N.m, : ‘ ERR-10® N.m,
of the upper | ofthe lower | E, =0,026 N/ um’ , v v h=2 um,
St by, pm | S by, pm | B, =0,022 N/ N/ am N/ am hy =10 um
2 ) H ) H
10 10 2,77 0,026 0,022 3,68
5 2,89 0,052 4,13
2 3,68 0,13 6,27
0,9 6,94 0,26 9,88
0,5 15,1
10 10 2,77 0,026 0,022 3,68
5 2,76 0,044 1,98
2 2,66 0,11 1,16
0,9 232 0,22 0,93
0,5 1,92

Figure 4 presents graphs of crack opening with variations in Young's modulus for the
upper and lower thin layers. An increase in Young's modulus values results in a decrease in
crack opening. However, the energy release rate at the crack edge for the upper layer
significantly increases in this case, whereas, with an increase in Young's modulus for the lower
layer, there is a marked decrease in the energy release rate for the coating (Table 1).

10°- {\'[ x,0 |}= m 0,0025 10° '{"'[ x.0 |}= m
2 5

-1,0 -0,5 0,0 0,5 1,0

a) hy=2um, hy=10um (1 - E, =0,026 N/um*, b) hy =2 um, hy =10 um (4— E, = 0,026 N/um’

E, =0,022 N/ um* ;2 — E, = 0,052 N/ um* , , E, =0,022 N/um® ;5 E, =0,026 N/ um*,
E, =0,022 N/ um® ;3 - E, =026 N/ um* , E, = E, =0,044 N/um® ;6 — E, =0,026 N/um* , E, =
0,022 N/ um® ) 0,22 N/um*)

Figure 4. Crack opening

For the case of a thin overlay of finite length, which is in contact with a thin
strip of finite dimensions (Fig. 5), the analysis was conducted using the finite element
method (FEM). A microcrack with a length of 2 um was considered, with overlay and

strip thicknesses in the range of 0,5-10 um. Additionally, the parameters L =50 um,
[ =50 pum. Other relevant values were chosen v=0,3, E =0,026-0,26 N/,umz,
E,=0,022-022 N/ um® , p,=10-10° N/um’ .

ISSN 2522-4433. Bicnux THTY, Ne 2 (118), 2025 https.//doi.org/10.33108/visnyk_tntu2025.02 .......coocovveoeeeeeeeeeereerecerene, 163



On deformation peculiarities of two thin strips with a microcrack at the interface

I 'T_b — b

Figure 5. Thin overlay for FEM analysis

In the FEM modeling, the mesh refineent was performed in the vicinity of the
crack (Fig. 6). The degree of refinement, as well as the element size, was varied depending
on the overlay thickness.

Figure 6. An example of a mesh with the distribution of von Mises stresses at
hy=5um, hy =10 um (E, =0,026 N/ um* , E, =0,022 N/ um* )

The obtained distributions of stresses, crack opening, and energy release rate for
different values of the characteristics of the thin overlay and strip are presented. For the case
where the thickness of the overlay is half that of the strip, and the stiffnesses are approximately
equal, a comparison between the analytical and numerical results was conducted (Fig. 7).

0,0020 10° -(\‘(_\':0]}:7}1 ¥ (x,0)-10%, N/ un’
0,0010

~0015
0,0010
0,0005
0,0005
0,0000 0,0000
-1,0 -0,5 0,0 0,5 1,0 1,05 1,25 1,45 1,65 1,85
X, um
! X, fim
--------- analitic FEM veeeenees analitic FEM
a) b)

Figure 7. A comparative analysis of the crack opening (a) and the stress at the extension of the crack (b) at:
by =5um, hy =10 um (E, =0,026 N/ um* , E, =0,022 N/ um* )
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The presented graphs demonstrate good agreement between the results
obtained using the analytical method and FEM. Both analytical and numerical methods
were used to analyze the change in the crack opening shape with varying overlay
and strip thicknesses, or changes in material stiffness, as well as the variations in the
energy release rate depending on the changes in the thicknesses of the overlay and
strip.

4. CONCLUSIONS

This work investigated the plane deformation of a crack located between
two isotropic, linearly elastic, infinite layers, with the lower layer fixed rigidly. The
crack is subjected to uniform internal pressure, and the crack opening and stress state
were determined by solving the corresponding boundary value problem. Using Fourier
integral transforms, a system of differential equations was constructed, from
which analytical expressions were derived for the stresses and displacements in the
layers.

Additionally, a numerical analysis was conducted using the finite element
method (FEM) to verify the analytical results. Excellent agreement was found between
the analytical and FEM results. Numerical calculations showed a significant influence
of the upper layer's thickness on the crack opening and energy release rate; these
parameters increase with decreasing upper layer thickness. It is therefore important to
account for this effect in practical problems involving crack formation in multilayer
materials.

These detailed results will contribute to the development of more fracture-resistant
composites, especially in microelectronics applications, where microcracks can compromise
device reliability.
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Appendix
Expressions for the functions H, («):

H la]= ﬁ(—4e2ahza(l + K, )(1 +e’ g, )hl (ezahz + K, —2ah, ) +
+4e72 (—1 +e?h )Kaz2 (l + K, )h12 (K‘z +e*h K, —2ah, )+

+4sinh [ah, ](—((1 + 1, )cosh[ah ](1+x,” +2x, cosh[2ah, ])) - 2K, (1+ 1, )sinh [ |sinh [2ah, ]+

+ Za((l +K )(e’z‘th + Kz)cosh[azhl 1+ (1 —e )K(l +x, )sinh[ah, ])h2 )) ;

H,[a] :#[a](z(—uxl — 2K, +(—142K +5,) K, )= 2(=1+ &, = 2K, + (=14 2K + ) &, )cosh [ 2ahy | -
—2k, (—1+K +x, — Kx, )cosh [ 2a (b —h, ) |+ x, (4(~1+ K + &, — K, )cosh [ 2ah, |+
+(=2(~1+ K +&,)+ K«, )cosh| 2a (h, +h, ) |+ Kx,(cosh[ a(2h, +h, ) |+sinh [ 2a (h, +h, ) | -sinh[ & (2h, + )]))+
+2a((2K+e’2“(h'%) (-1+K+x)—e " K, —2(—14+ K + 1) i, +¢*" ) (14 K 4+ 5, — KK, ) —
—2¢7" (—1+ K + Kk, — KK, )+ " (<K +(-1+ K + 1, ) &, ) + " (—K+(—1+K+K1)K2))h2 +
+2e "k (' (24 K (—1+K,)) K, —(2+ K (=14 x,)) (x, - 2ah, ) -

_ne2ah (1+K-2(K+K2—KK2)+06<—K+(_2+K)Kz)hz))));

H,, (a) = 2}1[06](—4(—1+K1 -2Kk, +(—1+2K+K1)K22 + 2k, (—1+K+K1 —K1c2)cosh[Z(thz])sinh[ah1 ]2 +

+4e’2ahzoz(2(—1+K+K1 - Kk, +e*" <K+(—1+3K+K‘1)K‘2 ))sinh[ozhl]2 h, +
+ah’ (_ewzz (2+K(-1+x,))x, —(2+ K (-1+x,))(x, —2ah,) -
2" (1+x, (K +x, — KK, )+ o (K -2k, +3KKz)hz)))) ;

o
Zn[a]

H, (a)

ek (1 +e’h )Ka2 (1+x,)h ((—1 +eih )K2 +2ah, ) +

(4(e’2‘”’2a (1+x, )(1 +e’ i, )hl (ez‘“’Z +k, —2ah, ) +

+sinh[ah, ](—((1 + 1 )cosh[ah ](1+&,” +2x, cosh[2ah, ])) — 2K, (1+ 1, )sinh [ah ]sinh [2ah, ]+

+2a ((l + K, )(e’zo’h2 + K, )cosh [ah ]|+ (—1 —e ok )K(l + K, )sinh[ah, ])h2 ))) ,
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where

Zn[a]=8Ka’ (1+x, )(1+x,) hh, —
—8e g (—1+e™" (—1+ K) i, — K, ) (i, — Ko, + &> (1+ Kic, ) +2(~1+ K ) ath, ) +
+2e 2o hh) (l—ez‘”’2 (-1+K)x, + Kk, ettt (K +x,)K, +e*" (k- Kk, ))x

x(—ezah] (—1+K)K2 +(K+K'1)K2 +e2h (%, —KK2)+eza(h‘+h2) (1+KK2)+2a(e2"'” (—1+K)—K—Kl)hz) .

YK 539.3

OCOBJIMBOCTI AE®@OPMYBAHHA BOX TOHKHUX I10JIOC 3
MIKPOTPILIMHOIO HA MEXI iX 3°€THAHHSI

Onexcanap Kinenxos!; Banentuna Ciniu-banarataesa'; Asa lllesennoBal;
Boaoaumup JloGoaa'; FOpiii Jlanycra?

! Tninposcoruii nayionanvnuii ynisepcumem imeni Onecs I'onuapa
’Knepmoncokuil ynisepcumem, inoicenepua wxona Oeepni, SIGMA Knepmon, Hayionanvnuii
yeHmp Haykosux oocuioxcens, Incmumym Ilackansa, Knepmon-@eppan, F-63000, @panyis.

Pe3tome. [lemanvno pozenawymo 3adauy npo HAOCKY Oedhopmayito mpiyuHu, wjo 3HAXOOUMbC MIidC
08oMma i30MpONHUMU, TIHIUHO NPYHCHUMU WAPAMU, OOUH 3 SIKUX HCOPCMKO 3aKpinienutl. /i po3e a3anHs yici
3a0aui Oyn0 BUKOPUCAHO MemoO inmezpanvhux nepemeopensv Dyp'e, saxuii 00360aU8 36eCmu NOYAMKOBY
cucmemy OupepenyianrbHux pieHsHb Y YACMUHHUX ROXIOHUX 00 CUCMEMU 36UHATIHUX OUPDEPEHYIANbHUX DIGHSHD.
Ha ii ocnosi nobyoosano cucmemy cuneyaspuux inmeepanvuux piguans (CIP), sika 3a00801bHAE KPAUOBI YMOBU
3a0aui. s cucmema onucye nanpydicenno-oegpopmoganuti cman 6imamepianvhoi nonocu 3 mpiwunoio. /s
PO38'A3aHHA cucmemMu CUHRYIAPHUX THMESPAbHUX PIBHAHb 3ACMOCO8AHO Memoo Juckpemusayii. Cyms memooy
noisi2d€ 8 MOMY, WO HeNnepepsHa CUCmema DIiGHAHb 3AMIHIOEMbCS HA OUCKDEmHY, W0 0036018€ OMPUMAMU
HaOudCeHUll po38'a30K. ¥ danomy eunadky OucKkpemusayis npuseena 00 CUCmeMu JHIHUX aneeOpaidHux pigHsaHb
(CJIAP).

Poss’sazasuiu cucmemy ainitiHux anreeOpaiuHux pieHaHb, OMPUMAHO UPA3U OJis PO3KPUMMS MPIWUHU ma
PO3NOOLTY HANPYIHCEeHb Ha Medici nodiny mamepianie. Lli pesynomamu € Karouogumu O AHANIZY MEXAHIYHOT
NOBEOIHKU MPIWUHY MA OYIHIOBAHHS IT GNIUBY HA KOHCMPYKYITO.

Ha ocnosi ompumanux Oanux npo poskpumms mpiyunu ma po3nooil Hanpysicensv 0y10 ob6YucieHo
weuoxicms  36invHenns ewepeii (LL3E) y eepwunax mpiwunu. LI3E ¢ eadxciusum napamempom, sKuti
Xapakxmepusye enepeemudHull cman mpiwunu ma ii cxuabHicmv 00 pocmy. [nsa intocmpayii ompumanux
Pe3yIbmamis npoeedeHo uucerbhe MoO0entosants. 30kpema, nobyo0osamno epagixu posKpumms mpiyunu ma
3ANENHCHOCMI HaAnpydicenvb OJisl PISHUX MOGwuH wapie i mooyiie FOuea. L[i epaghiku Odemoncmpyioms eniue
2COMEMPUYHUX A MAMEPIATLHUX NAPAMEMPIE HA NOBEOIHKY MPIUHU.

Ompumani anarimuyni po36's3Ku NOPIGHSAHO 3 HYUCENbHUMU PO38SI3KAMU, OMPUMAHUMU MemoOoM
ckinuennux enemenmie (MCE). [lopiguanus noxkaszano eapHe Y32004CeHHS pe3yibmamie Oisi  GURAOKY
MIKpOMPIWUHY NPU SMIHHUX 3HAYEHHSX XaAPAKMEPUCTNUK MOHKOT HAKIAOKU MA HUICHbO20 UWAD).

Ocobnugy ysazy npudineno 00CIiONCeHHIO BNIUBY MOGUJUHU HAKAAOKU HA WBUOKICb 36L1bHEHHS eHepail.
Buseneno smaunuii enaus yvoco napamempa na LI3E, wo niokpecnioc sajciugicmov 1020 6paxy8anHs npu
NPOEeKmMy8anHi 6a2amouaposux KOHCMpYKyitl.

IIpogedene 0ocniodncenns 00360MAE€ OMPUMAMU O0eMATbHY [HHOPMAYII0 NPO MeXauiuky No6ediHKy
MpIWUHU, PO3MAULO8AHOI MidC 080Ma i30mponHumu wapamvu. Ompumani pe3yiomamu MO#CHA BUKOPUCTAMU O/
NPOSHO3YB8AHHA PO3GUMKY MPIWUH A OYIHIOBAHHS MIYHOCHE KOHCMPYKYILL.

Knwouoei cnosa: mikpompiwuna, Hanpysiceno-0epopmieHuLl cmar, CUHSYISAPHI iHMe2PantbHi PIGHAHH,
WUOKICMb 38IIbHEHHSL eHep2il, PO3Kpumms mpiuutu.
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