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Abstract. The theory of approximation of multidimensional functions of r variables (rz2) using
spline-interflatation operators is developed in this paper. A new method for constructing such operators,
which is based on the approach of decomposing the multidimensional approximation problem into a sequence
of one-dimensional problems, each solved using spline interpolation. is proposed in this paper. This makes
it possible to investigate the interflatation properties of the constructed operators, as well as to analyze their
effectiveness in approximating functions with several variables. The distinctive feature of the proposed
method is the explicit representation of spline-interflatation operators in terms of one-dimensional spline
interpolation operators, which are applied separately to each variable of the approximated function. This
provides convenience in investigating the properties of operators and enables more in-depth analysis of their
behavior. The expression for the approximation remainder of functions using these operators, in particular,
in terms of the remainders that arise from applying one-dimensional spline interpolation operators is
investigated in this paper. Special attention is paid to the analysis of approximation remainders of
multidimensional functions and to proving that the approximation remainder calculated by means of the
proposed interflatation operators is equal to the operator product of the approximation remaindes, defined
separately for each variable. This means that total remainder can be considered as a combination of
remainders obtained through one-dimensional operators, which significantly simplifies the analysis and
makes it possible to investigate the approximation accuracy more thoroughly. Furthermore, a comparative
analysis of the obtained results with classical multidimensional interpolation operators is carried out in this
paper. This enables us to evaluate the advantages and disadvantages of the proposed method in the context
of accuracy and efficiency of approximating functions with several variables. This opens up prospects for
Sfurther development of the theory of multidimensional approximation and its application in various fields of
science and engineerin , where efficient and accurate approximation of multidimensional functions is
required.

Key words: spline-interflatation, operator, approximation error, interpolation, remainder,
differential function, Taylor formula.
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1. INTRODUCTION

The theory of approximation of differentiable functions » of variables
T r

S0, x= (xl,xz,...,xr) eD=101, r=2 using specially constructed spline interflatation
operators is developed and comprehensively investigated in this paper [1, 2, 3]. The main
attention is paid to the investigation of the interflatation properties of the proposed operators,
as well as to establishing the relationship between these properties and classical approaches to
interpolation and spline interpolation of functions of many variables [4, 5, 6]. The results
obtained in this paper are based on modern achievements in the field of approximation theory
and spline analysis [5, 6, 7].

The construction of the spline interflatation operators is based on first-degree splines,
which are distinguished by their simple structure and low computational cost, making them
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The theory of spline interflatation of functions ;- variables (r=2)

suitable for practical applications [2, 8]. The main advantage of this approach is that only
limited information about the function being approximated is required to construct the
corresponding operators — in particular, the value of the function on the edges of the unit cube.
This means that multidimensional approximation can be implemented by sequentially applying

one-dimensional operators Ok to each variable separately [3, 6, 9].

From the formal point of view, the interflation problem in this context is to
construct operators that combine both the properties of interpolation and approximation.
On the one hand, these operators preserve the function values at specific points (on the edges
of the cube), while on the other hand, they enable us to obtain the global approximation that
exhibits good behavior for the class of smooth (differentiable) functions. This highlights the
difference between spline interflatation and classical interpolation: instead of requiring exact
coincidence with the function at numerous nodes, interflatation operators can use additional
flexibility while maintaining selected characteristics of the function [1, 3, 9].

At present, the problem of reconciling classical interpolation and spline interflatation in
the context of function approximation on the edges of the unit cube remains insufficiently
investigated. The aspect of the similarity between the structural properties of the constructed
operators and the properties of the approximation remainders (i.e., errors) arising in the
approximation process remains especially insufficiently investigated [4, 10, 11]. This paper
makes a significant contribution to filling this gap by proving the theorems that describe explicit
expressions for spline interflatation operators in terms of compositions of one-dimensional

operators Ok [3, 9]. This makes it possible to reduce the multidimensional problem to a
sequence of one-dimensional problems, which significantly simplifies both theoretical analysis
and numerical implementation.

Furthermore, it has been proven that the approximation remainder (the difference
between the exact function value and the value obtained using the interflatation operator) for
the class of differentiable functions can also be represented as the operator product of the one-
dimensional approximation remainders [8, 9, 10, 11]. This structure of the remainder term
facilitates a detailed analysis of approximation accuracy as well as the development of adaptive
algorithms that automatically determine optimal approximation parameters depending on the
function properties [3, 12].

In order to assess the effectiveness of the constructed operators, a comparative
investigation of the approximation remainders for classical interpolation is carried out. The
obtained results made it possible to establish a deep functional connection between the
classical spline interpolation problem and the spline interflatation problem. In particular, it
has been demonstrated that these problems have a dual nature. This means that the explicit
expressions for spline interflatation operators, constructed through compositions of one-
dimensional operators, turn out to be analogous to the expressions for the remainders of
spline interpolation of differentiable functions. And vice versa - the approximation
remainder obtained in the case of spline interflatation is expressed through the product of

one-dimensional remainders Ry , arising from the application of the corresponding operators
to each variable [3, 4, 6].

Special attention should be paid to the fact that classical interpolation operators can
also be represented as a product of one-dimensional operators [5, 6]. This property creates
opportunities for further generalization of approximation methods, particularly in the
direction of developing highly accurate and efficient algorithms for the numerical solution
of problems in mathematical physics, multidimensional data processing, machine learning,
and other modern fields where precise modeling of complex multivariate dependencies is
required [7, 13, 14].
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In conclusion, it should be noted that the results obtained in this paper have
both theoretical and applied significance. On the one hand, they deepen the
understanding of the nature of the relationship between different types of
approximation problems, and on the other hand, they create the basis for constructing
new approximation methods that combine the advantages of spline interpolation
and interflatation [1, 3, 9]. Such methods can be particularly useful in conditions
of limited information about the function or when it is necessary to maintain computational
efficiency.

2. CONSTRUCTION AND INVESTIGATION OF SPLINE INTERFLATATION
OPERATORS FOR FUNCTIONS » OF VARIABLES ("2 2~)

r r
= = >
Let us introduce the notation: f(x), x (xl,xz,...,xr) eD=10.11, r= 2, N s the

given natural number, / is the same operator, h(t) i1s piecewise linear function with
properties [1, 3]:
h(O)=1; (1) =0,

f(=1.

For each ke=1r let us construct operators Ok of the following form [3]

N i -
Okf(x): Zf[xl,...,xk_l,ﬁ,xk_'_],...,er‘h(N"xk 71]{) (1)
i,=0

Let us note that from the definition of the function h(?) it follows that

N'xk_ik 2].

Therefore, operator O/ (x) is the operator of piecewise linear spline interpolation with

respect to the variable ¢ [4, 5]

O f ()|, o = fX)|, _pispp =ON
k N k N

In the case of ¥ =2 these operators will be interlineation operators, and in the case of
rz3 they will be interflatation operators [1, 3].

It is necessary to construct non-identity operator O with the following properties:

Okf(x)|xk:f’k :f(x)|xﬁ_:& s P = 0,N (2)
N N .

Let us introduce into consideration operator [3]
r

Of (x) = [1 -T1(7-0 )]f(X) (3)

k=1
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The theory of spline interflatation of functions » variables (r=2)

Theorem 1. Operator O meets the following reguirements: Oy (x) =0y f (x):q =1.r

Proof.

0,01 (x)=0, f(x)- Oqli[([ —0,)f ()=
k=1
- Oqf(x)*(oq - Oqu) Il (7-0)7t0=

k=1,k#q

=0,/(0)-(0,-0,) T (I-0,)f(x)=0,f(x), g=Lr

k=1.k#q .
Here we use the fact that the operator O/ (x) and the operator O/ (x), g # k act on
f (x)’ that 1s, these operators are commutative:

0, f(x) =0, f(x)

different variables in the
OkOq.f (X) = Oqu(f(x) , as well as )
Theorem 1 is proved.
Further, an explicit representation of the operator O in terms of the operators O, 0,

is required without using the identity operator.
O f(x)= Zf( J (Nxy —iy)

Let us recall that in case ¥ =1 the operator uses only
f( i] J
numbers for its construction — the values of the function N
| P [ P
Ofl=—=|=f|—1.0<p <N
WS [ NJ S [ Nj P |

! (x"xz)on the line

0,0, use the traces of function
Ox,,Ox,

In case ' =2 the operators
segments perpendicular to the sides of the square, which lie on the axes

respectively:
N i '
O]f(xl,xz): Zf F,xz ‘h(le _’1)
i=0
N i) ‘
O2f(xlsx2)= Zf xlsﬁ ‘h(Nxz_lz)-
i,=0

At the same time, the operator

O]Ozf x,,x2 ZZf( : ) N - x]—ll) h(N-xZ—iz)

§=07,=0

is classical two-dimensional spline interpolation operator [4, 5, 15]:
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olozf[i;,f;}f(i;,;z], 0< pi.py <N

In case r=2 =0 %) it follows from formula (3) that

Of (x)=(0,+0,-0,0) f(x) @)
Incase 7 =3, %~ (1, %, %3) based on formula (3), we can write
Of (x) = (0, + 0, + 0 = 0,0, = 0,05 = 0,05 + 0,0,05)) f (x) . (5)

Let us note that the term 00,051 (x) in formula (5) is the classical formula for spline
interpolation of the function of three variables [5, 6].

010203f(x1,x2,x3):
—Zzzf(l_l L iij'h(le _"1)‘/1(Nx2_"2)'h(Nx3_53)

2 2
i,=0£,=0i,=0 N N N

2

| P1 P2 3 L P2 3
00,0, f| L1 L2 Ps | o[ L1 P2 P3|\ o< pi<N
123][NNNJ f(NNN] PP b3 _

Formulas (4) and (5) have the following feature:

In these formulas, the first group of terms is the sum of operators Ok =1.r , the second
sum of terms is the sum of products of operators taken two by two with the appropriate sign at

r=23 , and the third group of terms is the product of three different operators at 7" = 3,

It is obvious that for 7 >3 , the last group of terms will be the monomial, which has the
form of the product of all operators » with the corresponding sign [3, 9].

From the point of view of applications, we prefer this representation of the operator O
and in the next section of the paper we propose a general method of representing the operator

O for any natural number #.
0,0

¥

3. REPRESENTATION OF OPERATOR O THROUGH OPERATORS
WITHOUT USING THE IDENTITY OPERATOR FOR 7 €T

Of (x)= (1 “T1(1-0, )}f(X)
k=1

In the expression for the operator 0. let us replace [ by

e, Ok by tk’ kzl,r

on , and denote the resulting function by (1),

¥

o =T()=1-T](1-%)

k=1

1 . S=15,...,8 Sl=8 +...+5..
Let us introduce the notation (815058, ), | 1 r
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The theory of spline interflatation of functions ;- variables (r=2)

5\5| r
Ty =———=T0 -[]&
i or' ..oty [

1 Uy =0 k=1

>
Theorem 2. For each * €1 , (r - 2) function (@) can be represented as follows

s‘:l

T()=T(0)+ |Z UM (6)

Proof.

Note that is (@) is 7 linear function of the variables I"tz""’tf’, that is, it is a
polynomial of » from these variables. In this case

T(t)=T(0)+ Zr: [

‘s‘=1

=1 740

where S =0 or Sk =1 Foe example, at it is as follows

!

¥

rl+...+iT(t)
ot -0

1=0 ’

0
7,0)= 570

. S| = § .
Since | ’ only for such sets ¥ , where one component is equal to one, all the others

. L |5[=2
are zero. Similarly, if ‘ ‘ only two components are equal to one, all others are zero. For

s\=r § oy . . 4
‘ | ,all "% are equal to one, because T(?) has derivatives with respect to each variable "X of

§ 255, <r
order ¥ equal to zero if k="

()

This means that can be exactly represented by the Taylor series expansion of the

tk:O,k:l,r {

function around the point = 0. that is , in powers *, which we express using

derivatives — described in detail in [1]. It should be noted that T(®) isa polynomial of degree »
, each term of which is linear function with respect to each of the arguments hoesly . This means

. o Sp . . 4
that the order of partial derivatives ~* with respect to the variable X can take the values one
or Zero.
Taylor formula in terms of derivatives can be written as follows [1]:

T(6)=T(0)+ > T(1) (7)

|S‘=|

Theorem 2 is proved.

s wri ons O o IsI=1.5
Let's write down the expressions for .
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r—|s|+| oT (¢
=2 T()

p=l P li—o

tp,s|=l,

rBl o Al
Ty = 2 Z E) 'tpltpz’s‘:2>

p=l p= Pl“ PPy i

r7|S|+l rfls‘+2 rf‘s‘+3 a‘slT(I)

ir|'S|(I)= Z ot ot ot ‘tp|tpth3’S =3’
=l py=p Al p=py 1 0P D |
r—|s|+l r—|s|+2 r—‘5|+3 r—|5|+4 a|s|T( |
)
0= 2, 2 oo oo, | ninialnel =4
p=l p=pHlpy=p,+Hlp,=ps+1 "0, P, 0y =0
r—‘5|+l r—|5|+2 r—|s|+3 r—‘s‘+4 r—|s|+5 a|s|T(t) |
‘tp|tpztpstpqtps’ S| =35.

To=2 2 X XX o, 01,,0t,,01,0, |

p=l p,=p+l p;=p,+1 p,=p;+l p;=p,+

. . s .
To derive the formula for arbitrary | |, one can use the method of mathematical
induction.

=1,r
Let us perform the inverse substitution T for Ok ( ’r) in formula (7). Then

0(0,....0,)=T(0,...,0 T(O)+Z 4(01,..0,)

[si="
7 (0,....0, L5
Let us write expressions for |S|( ! 2 for g L3
r |s“+] BT(z‘)
(00,)= 2 — =1
P =1 D =0
rlsl+1 - r 6‘S‘T(I)
|s |(01’ O ): Z Z ar at .OP1OP1’ S|:2’
p=l p=p+l P2 =0
r—ls‘—o—l r—ls‘+2 r—‘s‘+3 ‘sl
7,000 Y. _CTO_|6,0,0,. |3
=l p,=p+l py=p,+ atPJatpzat 3 |y=0
r7|s‘+l rf‘s‘+2 r7‘5|+3 F7|S|+4 6|S|T(f)
|S‘(Ol’ ’O )= Z Z Z 8 a a a lOp|OP20P30P4’ S|_4’
p=l py=p+l py=p,+l p,=ps+l t t t tp‘t =0



The theory of spline interflatation of functions ;- variables (r=2)

74(0;,..0,) =

r

| | +4 r7|s|+5

s +1 rfs+2 rs+3 6|S|T(I) | 0.0.0.0.0
Zzzzw,pzzzatazazazaz PP P TP R

=P, py=py+l pi=p,+1 5 =0

and so on.

. . . 0,..,0. .
So, we obtained the explicit representation of the operator O through ~1"” "7 without
using the identity operator.

It should be also noted that for ¥ =2 and 7 =3 we obtain the explicit formulas (4)
and (5) for the operator O , namely

r r—1 r
r=2 0f(x=| 2,0, {Z 2 OPWO,%] f()=(0+0,-0,0,) f (x).
p=l

p=1 p,=p+1

r r=1 r r=2  r-l1 r
o S0, {5 £ 00 (£ 8 00,0,]|10-

p=l =l py=p+l =l py=p+l py=p,+1

Next, we present expressions for the operator Oatr=4and =5,

r=4; Of(x)_[iopw_[’i 2 OPWO"’Z] [f ’i Z On® ]_

=l =l p,=p+l p=l p,=p,+l p;=p,+

=l p,=p+l py=p,+1 p,=p;+1

[f f Zl Y 0,0, pmef(x).

r=5 Of(x)= iopl [i 3 0,0, }r[ Z 0,0,0, ]
P,

p=l p=lp=p+l =1 p,=p+1 p;=p,+1

~

(55§ 5 0000,

pi=1 p,=p+1 py=p,+1 p,=p;+1

P =1 ,U:,:p|+| p3=]72+| }74:]334'] pﬁ:p4+1

r=4  r=3 r=2 r=1 r
{z 555 s op,opzopjo;,4o,,s}]f(x>.

4. INVESTIGATION OF THE REMAINDER OF THE DIFFERENTIAL
FUNCTIONS APPROXIMATION BY CLASSICAL SPLINES OF r VARIABLES ”

Theorem 3. Remainder Rf (x)= f(x) - Of (x) can be represented as
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Rf (x) =(H Rka (x) (8)
k=1

Ry is the product of one-dimensional remainders along "¢, Ry=1- Ok,

Proof.
RfF(x)=(1-0)f(x) = (1 —(f 11 -ok)} f(x)J _
k=1

_{ﬁ(I—Ok)] 1) —(ER,CJ )

k=1

Theorem 3 is proved.

Below we obtain an expression for the remainder of the approximation of the function
7(*) by classical splines of  variables by uepes Rike=Lr )
Let us take into account that

r

RSpclasicf(x): [I_ﬁOka(x) :(I_H(I_([_Ok ))Jf(x) =
k=1

k=1

:[I—ﬁ(I—Rk)]f(x)

k=1

In this expression let us replace | by one, K, by Vek =11

function by 7). Then

, and denote the resulting

r

RSpclasic (V) = T(V) =1- (1 — Vi )
k=1

Thus, we obtain explicit formulas for the approximation error of the function 7 (x) by

. L ) . R
classical spline interpolation operators, expressed in terms of the operators ~ ¥ , from the Taylor
formula written in terms of derivatives. Then, for the remainder of the approximation

RSpclasicf (JC)

operator 0.

we can use the same approach as in deriving the above mentione formulas for the

T(M)=T0)+, Ty().

[sl=1

-va,szl

r—|s|+l oT (v
=3, 2

p|=l P v=0

2
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rlslel o r a|s| T(v)

Iy = 2 ov, v VoVp, s|=2,
=l p=pHl P2 =g
r—|s|+l r—|s‘+2 r—|s|+3 6|S|T(v)
TIS\(")= Z P ' pvpvp’s|=3’
v, 6v 6\; R
=l p,=p+l p;=p,+1 Ps =0
r7|s|+1 r7|s|+2 rfls‘+3 r7|s|+4 alS‘T(V) |
T|s\(V)= Z Z WV VYV ,S‘=4,
ov ov. v v | PPy Py Py
=l py=p AL p=pyHlp=patl VTP TP P Py |

S|+l r— ‘s|+2 r— ‘5|+3 r— |s|+4 r— ‘5|+5 a‘slT(V) |

=2 X % Y 3 ov, ov, v, v, v

p=l p,=p+l py=p,+l p,=p,+| p;=p,+

vpl Vp’ vpz vPet tps

5 |x={)

. . s .
When deriving the formula for arbitrary | | , one can use the method of mathematical
induction.

Let us do the reverse substitution. Instead Vi we will write Ry, k= l,r. Then
Repetasic (RissR) =T (Ry.. R T(0)+Z (R R,)
|s|=1
r7‘5|+1 6T(
V)
Ty(RsR) = 2 - ‘R, |s|=1,
p=l vp‘ v=0
r—‘s|+1 r a|s|T(v)
Ty(RoR)= 3 Y ST R =2,
s " av,, v e
p=l p=p+l P =0
r7|s|+] r7|s|+2 r7|5|+3 |S|T
T (R.-nR) = T | r R R, s|=3,
i ' ov, ov,, Ov Lo
p=l p,=p+l p;=p,+ Psl,=0
r7|s|+] r7|s|+2 r7|5|+3 rf‘.5'|+4 |S|T
Ty (R R,) = oT) | ‘R, R, R, R, |s|=4,
=l py=pi+l py=p,+l py=p;+l avpl 6VP2 avpz avp4 ’v:()
IH (Rl,...,R,,)=
r7|s|+lr |s|+2 r7|s|+3 rfls‘+4 r7|s|+5 ‘S‘T
5§ S S
=l po=ptl py=py+l py=pstl ps=p, 1 av av av 61) 6vp5 v=0
and so on.
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R

. . . Re i R,...
So, we have obtained an explicit representation of the operator = 9@ through ~12"" "
without using the identity operator.

Let us illustrate the above mentioned statements for * =2 and 7 =3.
r= 25 RSpclasscf(x) = ([_(I_ R] )(I_RZ))f(x) =
=(R +R,—-RR,) f(x)= Z R, (Z Z RPIRPZJ 7(x).

p=l p=lp=p+1

F=3; Ropasic/ () =(1=(I-R)(1-R,) (I - Ry)) f(x) =
= (R + Ry + Ry —R\Ry = RiRy = RyRy + RiRy Ry ) f(x) =

r r—1 r =2 r-l r
$6,{ £ rn (€ 8 £ ran,||o

p=l p=lp,=p+ =l p=p+l py=p,+1

Next, we present expressions for the operator Repetasic at ¥ =4 and ¥ = 3.
r=4 RSpclasicf’(x) = (I_([ - Rl )([ _RZ )([ - R3)([ _R4))f(x) -

r r—1 r r-2  r-l1 r
- z:]Rp._{Z Z Rleng+[Z Z Z RPWRP‘gRP;J_
n=

p=1 p,=p,+1 p=1 p,=p,+1 p;=p,+1

(£5.5 % nnnn oo

p=1 p,=p,+1 p;=p,+1 p,=p;+1
r=>5; RSpclasicf(x):([_(I_Rl)(]_RZ)(I_R3)(I_R4)(I_R5))f(x)=
r r—1 r r-2  r-l1 r
- z:]Rp. _{Z Z Rleng+[Z Z Z RPWRP‘gRP;J_
n=

p=1 p,=p,+1 p=1 p,=p,+1 p;=p,+1

($5 5 £ anan

pI:] p2:p|+] p3:p2+] p4:p3+l

r—4 r=3 r—2 r—1 r
[£5 5 8 5 nnnmng, o
3= P2

=1 py=pi+l py=py+l p=pi+l py=p,+1

R . Re :
It should be noted that at small values " * for remainder ~ 9  the asymptotic

relation can be written — its application in physical and technical problems is described

,
RSpcl’asic = Z Rk > N >>1
k=1
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The theory of spline interflatation of functions ;- variables (r=2)

5. COMPARISON OF ERROR ESTIMATES WHEN APPROXIMATING THE
DIFFERENTIAL FUNCTION OF r VARIABLES BY SPLINE INTERFLATATION
OPERATORS AND CLASSICAL SPLINE INTERPOLATION

In order to prove the following theorem, we need formulas for estimating the errors of

one-dimensional spline interpolation (first-degree splines) with respect to the variable ¥ — the
application in physical and technical problems is described in [1, 12].
For function

A*M,
8

g(u)e C*a,b]=

R, ()= g()—s,,(u)| <

2

M, = max |¢"(u
2 ue[a’b]|g (u)

, Azmax(um—um_l), 1<m<n

o .

Sn](u):g(umfl) = +g(u ) ml u,  <u<u,,m=1ln
’ Up) — Uy Uy — Uy
Sna (1) is first degree spline (piecewise linear spline).
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Theorem 4. For any function , the following inequality is true
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Proof.

Taking into account formula (7), which expresses the remainder of the approximation
of the function /) as the product of the remainders for each of rvariables, and inequality
(8), we obtain formula (9).

Theorem 4 is proved.

‘ Rf( x)| < 2&

S ) 3r ar2
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In order for classical spline interpolation to provide the same order of accuracy with
respect to the variable N asthe operator O , it is necessary in classical interpolation to replace
N with N in all  sums. This requires the use of V *" values of the approximating function.
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6. CONCLUSIONS

The paper investigates The relationship between two types of approximation operators

for differential functions r of variables (" =2) is investigated in this paper. The first type
consists of spline interflatation operators, which are constructed using information about the

function being approximated in the form of spline interpolation Ok operators on each edge of
the unit cube separately. The second type consists of classical interpolation operators, which
use information about the function being approximated simultaneously on all edges. Despite
the fact that these operators are known, the relationship between them and their approximation
remainders has not been established in the general formulation.

The paper formulates and proves that there is a duality between these types of operators.
In the first type, the approximation remainder is the operator product of the remainders of one-

dimensional approximation operators ~*. Whereas in the second type, the approximation

: . . L O,.
operator is the product of one-dimensional approximation operators & .
Moreover, it is proven that the formula for the explicit representation of the first-type

: . : o 0 .
operators in terms of the one-dimensional approximation operators * used in the second-type
approximation operators coincides with the formula for the remainder when ~ is replaced by

k' which is also proven. Examples are provided for the decomposition of interflatation
operators and remainder operators of classical spline interpolation of differential functions of
r variables. This can be used for compressing information about differentiable functions of
many variables, as follows from the comparison of their computational complexity provided in
the work while ensuring the same approximation accuracy.

References
1. Lytvyn O. M. (2002). Interlination of Functions and Some of Its Applications. Kharkiv: Osnova, 544 p.
2. Lytvyn O. M., Yarmosh O. V., & Chorna T. I. (2017). Method of spline interlination of a function of four

variables in finding its maximum (minimum) in [0,17* Mathematical and Computer Modelling. Series:
Physical and Mathematical Sciences, (15), 95-99. URL: https://nasplib.isofts.kiev.ua’handle/123456789/
133939.

3. Sergienko L. V., Zadiraka V. K., Lytvyn O. M. (2021). Interflatation of Functions. In: Elements of the General
Theory of Optimal Algorithms. Springer, P. 177-251. https://doi.org/10.1007/978-3-030-90908-6 4

4. Schaback R. (2005) Multivariate interpolation by polynomials and radial basis functions // Constructive
Approximation, vol. 21, no. 3, pp. 293-317. https://doi.org/10.1007/s00365-004-0585-2

5. Wendland H. (2005). Scattered Data Approximation. Cambridge University Press, 336 p.
https://doi.org/10.1017/CB0O9780511617539

6. Kolisnyk M., ITasnii V., Okipnyi I., Martsynyuk Y. (2024) 3D modeling of grain unloading station steel
structure based on bim technology. Scientific Journal of TNTU (Tem.), vol. 114, no. 2, pp. 141-148.
https://doi.org/10.33108/visnyk tntu2024.02.141

7. Glaubitz J., Nordstrom J., Offner P. (2024) Energy-Stable Global Radial Basis Function Methods on
Summation-By-Parts Form // Journal of Scientific Computing, vol.98, no.1, article 30.
https://doi.org/10.1007/s10915-023-02427-8

8. Khvostivska L., Khvostivskyi M., Dunets V., Dediv 1. (2023) Mathematical, algorithmic and software support
of synphase detection of radio signals in electronic communication networks with noises. Scientific Journal
of TNTU (Tern.), vol. 111, no. 3, pp. 48-57. https://doi.org/10.33108/visnyk tntu2023.03.048

9. Sergienko I. V., Zadiraka V. K., Lytvyn O. M. (2021). Elements of the General Theory of Optimal
Algorithms. Springer, 356 p. https://doi.org/10.1007/978-3-030-90908-6

10.He Y., Luo M., YangH., BaiL., ChenZ. (2024) Variability of Interpolation Errors and Mutual
Enhancement of Different Interpolation Methods. Applied Sciences, vol. 14, no. 24, article 11493.
https://doi.org/10.3390/app142411493

ISSN 2522-4433. Bicnux THTY, Ne 3 (119), 2025 https://doi.org/10.33108/visnyk tntu2025.03 ........c..cocoeovveeveeceniacineeaann. 95


https://nasplib.isofts.kiev.ua/handle/123456789/%20133939
https://nasplib.isofts.kiev.ua/handle/123456789/%20133939
https://doi.org/10.1007/978-3-030-90908-6_4
https://doi.org/10.1007/s00365-004-0585-2
https://doi.org/10.33108/visnyk_tntu2024.02.141
https://doi.org/10.1007/s10915-023-02427-8
https://doi.org/10.33108/visnyk_tntu2023.03.048
https://doi.org/10.1007/978-3-030-90908-6
https://doi.org/10.3390/app142411493

The theory of spline interflatation of functions ;- variables (r=2)

11.Zadiraka V. K., Luts L. V. (2021) Accuracy-Optimal Quadrature Formulas for Calculating the Bessel
Transforms for Certain Classes of Sub-Integral Functions. Cybernetics and Systems Analysis, vol. 57,
no. 3, pp. 238-251. https://doi.org/10.1007/s10559-021-00349-7

12. Zhang Q., Zhao Y., Levesley J. (2017) Adaptive radial basis function interpolation using an error indicator.
Numerical Algorithms, vol. 76, no. 2, pp. 441-471. https://doi.org/10.1007/s11075-017-0265-5

13.Li Z., Pan K., Ruiz J., Yanez D. F. (2024) Fully accurate approximation of piecewise smooth functions
using corrected B-spline quasi-interpolants // Computational and Applied Mathematics, vol. 43, article 165.
https://doi.org/10.1007/s40314-024-02651-4

14. Lytvyn O. M., Sergienko 1. V. (2018) New Information Operators in Mathematical Modeling // Cybernetics
and Systems Analysis, vol. 54, no. 1, pp. 21-30. https://doi.org/10.1007/s10559-018-0004-5

15. Skvorfiova S., Machalova J., Burkotova J., Hron K., Greven S. (2023) Approximation of bivariate densities
with compositional splines, arXiv preprint. URL: https://arxiv.org/pdf/2405.11615.

VIIK 519.6

TEOPIS CIVIAMH-IHTEP®JIETAL ®YHKIIA # 3MIHHUX (r>2)

Ouaer JlutBuH; BikTop I'anymka

Xapxiscvkuti Hayionanvhuu yHisepcumem imeni B. H. Kapa3zina, Ykpaina

Pestome. Pospobaeno meopiio nabaudicenns 6a2amosumipHux ynKyitl r SMIHHUX (r > 2) 3a 00NOMO20i0

onepamopie cnaai-inmep@remayii. B pamxax 00caioxcents 3anponoHo8aHo HO8Ull Memoo nob6y008u maxux
onepamopis, wo 6a3yemvcsi Ha NiOX00i pO3KAAdy 0a2amosuMipHOi 3a0ayi HAOAUNCEHHS HA NOCHIO06HICMb
OOHOBUMIDHUX 3A0aY, KOXMCHA 3 AKUX SUPIUYEMbCA 3a O00NOMO20I0 Cchaaun-inmepnonayii. Lle ooseonse
docnidoicysamu  inmepgremayitini  racmusocmi nobyOO8aHUX ONEPamopis, a MaKodc AHAMZY8AMU IXHIO
eqhexmuenicmv y HabaudCenHi Qynkyitl 3 Kinbkoma sminnumu. OcobIUGiCmio 3anponoOHO8AH020 MEMOOy € sigHe
npeocmasnents. onepamopie cniain-inmepgremayii yepe3 00HOBUMIPHI Onepamopu CRIAUH-iHMepnoayii, sSKi
3aCMOCo8yIOmbCsl OKpeMo 00 KOJICHOT 3MinHOT (ynryil, wjo nabnuicyemwvcs. Lle 3abesneuye spyunicmo y
00CHiOdCeNHT 8IACMUBOCIEN ONepamopis i 00380Js€ 2nubule ananizysamu ixHio nosedinky. B pamxax pobomu
00CIONHCEHO BUPA3 3ATUWIKY HAOTUNCEHHA PYHKYIL 30 O0NOMO2010 YUX ONepamopis, 30Kpema, depes 3anuuKu
HAOMUIHCEHHA, WO BUHUKAIOMb NPU 3ACOCY8AHHI 0OHOSUMIDHUX onepamopié cnaatin-inmepnoaayii. Ocobaugy
yeazy npulileHo ananizy 3aIuuKi6 HaOIuNCeHHs 0a2amosuMIpHuX (YHKYil i 008e0eHHIO MO020, WO 3ATUULOK
HAOMUIICEHHA, WO O0OUUCTIOEMbCA 3a OONOMOZ20I0 3ANPONOHOBAHUX Onepamopie iHmepghremayii, dopisHioe
onepamopHomy 000YMKY 3aNUWKIG HAOIUIICEHHS, SKi BUSHAYAIOMbCA 01 KONHCHOI 3MiHNOI okpemo. L]e o3nauac,
WO NOGHULL 3ATUWLOK MONCHA PO321A0aMU K KOMOIHAYIIO 3aTUWIKIE, OMPUMAHUX Yepe3 OOHOBUMIPHI ONepamopu,
WO 3HAYHO CHPOWYE AHATNE3 | OAE MONCIUBICIL OemATbHIle 00CIIONCY8amu moyHicmy Habnudicennst. Kpim moeo,
npo6eoeHO NOPIGHANbHUN AHATI3 OMPUMAHUX Pe3yIbmamis i3 KIACUYHUMU ONepamopamu 0a2amosumipHoi
inmepnonayii. 30kpema, 3p06aeHO NOPIBHAHHA 3 ONEePAMOPaMU KIACUYHOI iHmepnonayii, wo 0036014€ OYiHUMU
nepesazu il HeOONIKU 3ANPONOHOBAHOI MEMOOUKY Y KOHIMEKCMI MOYHOCMI Mma epexmueHocmi HAOIUNCeHHs
@yuryitl 3 kinekoma sminnumu. Lle 6iokpusac nepcnexmugu 0ist HOOAILULO20 PO3GUMKY MEOpIi 6a2amosuMipHO20
HAOUdICeHHs. ma 3ACMOCY8aHHsl 1l @ PI3HUX 2any38X HAYKU U MeXHiKu, Oe HeobXiOHe epexmugne Ui mouHe
HabnUHCeHH 6a2amoUMIPHUX (YHKYIL.

Kntouosi cnosa: cnaaiin-inmepgaemayia, onepamop, noxubka HAOIUNCEHHS, THMEPROTAYIA, 3ATUULOK,
ougpepenyitiogna ynryis, popmyna Teiinopa.
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